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Abstract

We study network-designproblemswith two differentdesignobjectives: the total cost of
the edgesandnodesin the network and the maximumdegreeof any nodein the network. A
prototypicalexampleis thedegree-constrainednode-weightedSteinertreeproblem:Wearegiven
an undirectedgraph ��� �	� 
�� , with a non-negative integral function 
 that speci�es an upper
bound
 � � � on thedegreeof eachvertex ����� in theSteinertreeto beconstructed,nonnegative
costson thenodes,anda subsetof � nodescalledterminals. Thegoal is to constructa Steiner
tree � containingall theterminalssuchthatthedegreeof any node� in � is atmostthespeci�ed
upperbound
 � � � andthetotal costof thenodesin � is minimum.Ourmainresultis a bicriteria
approximationalgorithmwhoseoutputis approximatein termsof boththedegreeandcostcriteria
– the degreeof any node ����� in the outputSteinertreeis ��� 
�� � � � � ��� � andthe costof the
tree is ��� � � ��� � times that of a minimum-costSteinertree that obeys the degreebound 
�� � �

for eachnode � . Our resultextendsto themoregeneralproblemof constructingone-connected
networks suchas generalizedSteinerforests. We also considerthe specialcasein which the
edgecostsobey thetriangleinequalityandpresentsimpleapproximationalgorithmswith better
performanceguarantees.
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1 Intr oduction and Moti vation

Several problemsin the designof communicationnetworks canbe modeledas �nding a network
obeying certainconnectivity speci�cations.For instance,thenetwork mayberequiredto connectall
thenodesin thegraph(aspanningtreeproblem),aspeci�edsubsetof thenodesin thegraph(aSteiner
treeproblem)or to only interconnecta setof pairsof nodes(a generalizedSteinerforestproblem).
The goal in suchnetwork-designproblemscanusuallybe expressedasminimizing somemeasure
of costassociatedwith thenetwork. Severalexamplesof suchcostmeasureshave beenconsidered
in the literature. For example,if we associatecostswith edgesandnodesthat canbe usedto build
the network, thenwe may seeka network suchthat the costof constructionis minimized. This is
theminimum-costnetworkdesignproblemandhasbeenwell studied.A notionof costthat re�ects
the vulnerability of the network to singlepoint failuresandthe amountof load at a given point in
the network is themaximumdegreeof any nodein thenetwork. Minimizing this costgivesrise to
the minimum-degreenetworkdesignproblem,which hasalsobeenwell studied. Anothercommon
costmeasureis themaximumcostof any edgein thenetwork. This goal falls underthecategory of
bottleneck problemsthathave alsoreceivedconsiderableattention.

Findinga network of suf�cient generalityandof minimumcostwith respectto any oneof these
measuresis oftenNP-hard[13]. Hencemuchof thework mentionedabove focusesonapproximation
algorithmsfor theseproblems.However, in applicationsthatarisein real-world situations,it is often
the casethat the network designprobleminvolves the minimizationof morethanoneof thesecost
measuressimultaneously[9, 16].

In thispaper, weconcentrateontwo objectives:(i) thedegreeof thenetwork and(ii) thetotalcost
of thenetwork. Typically, our goalwill beto �nd networksof minimumcostsubjectto degreecon-
straints.For example,considerthefollowing problem:Givenanundirectedgraph

����� ��� �
	

with
nonnegative costson its edgesandaninteger �
��� , �nd a spanningtreein which themaximumde-
greeof any nodeis atmost � andthetotalcostis aminimum.Suchdegree-constrainedminimum-cost
networkproblemsarisein diverseareassuchasVLSI design,vehicle routing andcommunication
networks. For example,Deo andHakimi [8] consideredthis problemin the context of back-plane
wiring amongpins,whereno morethana �x ednumberof wirescanbewrappedaroundany pin on
thewiring panel.In communicationliterature,thisproblemis commonlyknown astheteleprocessing
designproblemor asthemultidrop terminallayoutproblem[2]. Here,we investigatethecomplexity
and approximabilityof a numberof suchdegree-constrainedminimum-costnetwork-designprob-
lems. The main focusof our work is to develop a generaltechniquefor constructingnear-optimal
solutionsto suchproblems.

Theremainderof thepaperisorganizedasfollows. Section2 containsbasicde�nitions andformal
statementsof the problemsconsideredin this paper. It alsodiscussesa framework for evaluating
approximationalgorithms.Section3 summarizestheresultsin thepaper. Section4 discussesrelated
work. In Section5 we presentour algorithmfor degree-boundednode-weightednetworks. In that
sectionwealsodiscussanextensionof thealgorithmto networksrepresentedusingproperfunctions.
In Section6,weoutlinethealgorithmswith improvedperformanceandrunningtimesfor constructing
networkswhenrestrictedto input graphsobeying thetriangleinequality. Section7 containsnegative
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resultson the approximabilitiesof someproblems. Finally, Section8 discussessomeimplications
anddirectionsfor futureresearch.

2 BasicDe�nitions and ProblemFormulations

Following theframework developedin [21], agenericbicriterianetwork designproblem,denotedby
� � � � � � 	

, is de�ned by identifying two minimizationobjectives,denotedby A andB, from a setof
possibleobjectives,andspecifyingamembershiprequirementin aclassof subgraphs,denotedby

�

.
Theproblemspeci�esa budgetvalueon the�rst objective (A) underonecostfunction,andthegoal
is to �nd a network having minimumpossiblevaluefor thesecondobjective (B) underanothercost
function,suchthatthisnetwork is within thebudgeton the�rst objective. Thesolutionnetwork must
belongto thesubgraph-class

�

.
Thetwo objectivesweconsiderin thispaperare:(i) degreeof thenetwork and(ii) thecostof the

network. Weconsidertwo extensionsof theseobjectives.The�rst extensiondealswith thebudgeted
objective,namelydegree,andtheseconddealswith theminimizationobjective,namelythetotalcost.
Thetwo versionsof degreeconstraintsthatwe considerare: (i) non-uniformdegree(denotedby N-
DEGREE) and(ii) uniform degree(denotedby U-DEGREE). In the non-uniformdegree version,a
possiblydifferentdegreebound�

� � 	 �

� �

	

is speci�edfor eachvertex
�

. Theuniformdegreeversion
is a specialcasewhere �

�������

�

� � 	 �

� for someinteger � ; i.e., all the verticeshave the same
degreeconstraint.Thus,for theproblemsconsideredin this paperA

�	�

U-DEGREE, N-DEGREE 
 .
For theminimizationobjective, we focuson the total costof thenetwork. We assumewe aregiven
nonnegative costson the edgesand/ornodesof the input undirectedgraph. The total cost is given
by the sumof the costsof all the edges(denotedby E-TOTAL-COST) or all the nodes(denotedby
N-TOTAL-COST) in thenetwork. Thus,B

���

N-TOTAL-COST, E-TOTAL-COST 
 . Finally, theclass
of subgraphs

�

studiedhereincludesSPANNING TREES, STEINER TREES, GENERALIZED STEINER

TREES andnetworksspeci�edusingproper0-1 functionsintroducedin [14].
Using the above notation,the problemof �nding a minimum-costspanningtreein which each

nodehasdegreeatmost � is denotedby (U-DEGREE, E-TOTAL COST, SPANNING TREE). Similarly,
givenanodeweightedgraph

�
� ��� �
	

, anintegerfunction � specifyingtheupperboundonthedegree
of eachnodeanda setof terminals� , the(N-DEGREE, N-TOTAL-COST, STEINER TREE) problem
is to �nd a minimum-costtree 
 spanningthenodesin � suchthat thenodesin 
 obey thedegree
constraints.Problemsin whichthedesirednetwork is ageneralizedSteinerforestor agraphspeci�ed
by aproper0-1 functioncanbeformulatedalongsimilar lines.

Someof the problemsconsideredin this paperalso involve the maximumcostof any edgein
thenetwork, i.e., thebottleneckcost,asaminimizationobjective. WeuseE-BOTTLENECK-COST to
denotethis objective. For therestof thepaper, we usethe term“ �

� � 	

-boundednetwork” to meana
network in which thedegreeof node

�

is at most �

� � 	

for all
�

.
Most of thedegree-constrainednetwork-designproblemsconsideredin this paperareNP-hard.

In fact, for several problems(e.g. (U-DEGREE, E-TOTAL COST, SPANNING TREE)) we show
(Theorem7.1) that it is NP-hard to �nd a solution that is within any factor of the optimal objec-
tive value, if the solution is requiredto satisfy the budgetconstraint;alternatively, if the solution
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mustachieve exactly the minimum valueof the total costobjective, thenit is NP-hardto �nd one
which satis�esthebudgetwithin any given factor. Motivatedby thesehardnessresultsfor unicrite-
rion approximations,we focuson �nding bicriteriaapproximations,that is, ef�cient algorithmsthat
guaranteeasolutionwhich is approximatein termsof boththebudgetandtheobjective function.

An
�

�

� ��	

approximationalgorithmfor a genericbicriteriaproblem
� � � � � � 	

is a polynomial-
time algorithmthat producesa solution in which the objective value for

�

is at most � times the
budgetand the cost of the solution with respectto

�

is at most
�

times the value of an optimal
solution with respectto

�

that respectsthe budgetconstraintwith respectto
�

. Our algorithms
provide bicriteriaapproximationsin the sensedescribedabove for a wide variety of one-connected
network-designproblems.

3 Summary of Results

3.1 HardnessResults

Our lowerboundresultson �nding near-optimalsolutionsincludethefollowing. Additionalhardness
resultsarediscussedin Section7.

1. For generalgraphs,unlessP = NP, for any ����� , thereis no polynomialtime
�

�

�

�

	

approxi-
mationalgorithmfor the(U-DEGREE, E-TOTAL COST, SPANNING TREE) problem.

2. For generalgraphs,unlessP = NP, for any ����� , thereis no polynomialtime
�

�

�

�

	

approxi-
mationalgorithmfor theproblem(U-DEGREE, E-TOTAL-COST, STEINER TREE).

3. For generalgraphs,unlessP
�

NP, for any ���
	 and ����� , thereis no polynomialtime
�

��
��

�

�

	

-approximationalgorithmfor the(N-DEGREE, E-TOTAL-COST, STEINER TREE) prob-
lem.

4. For generalgraphs,unlessP
�

NP, for any ����	 and ����� , thereis no polynomialtime
�

�

� �


��

	

-approximationalgorithmfor the(N-DEGREE, E-TOTAL-COST, STEINER TREE) prob-
lem. Here

�

is the lower boundon the performanceguaranteeof any algorithmfor �nding
minimumSteinertrees(seeChapter10of [15] for thebestbounds).Thisresultis animmediate
corollaryof hardnessresultsfor theminimumSteinertreeproblem.

Thesehardnessresultsmotivate the needfor bicriteria rather than unicriterion approximation
algorithmsfor theseproblems.

3.2 Approximation Algorithms

A problemwith costsonnodesaswell asedgescanbetransformed(for thepurposesof designingap-
proximationalgorithms)into onewith only nodecostsasfollows: subdivideeachedgeby introducing
a new nodewith costequalto thecostof theedge5. Therefore,in statingour approximationresults,
we focuson thenode-weightedcase.To keepthedescriptionof our main resultsimple,we present

5This transformationis not applicableto minimumcostspanningtrees,for which thenodeweightedcaseis trivial.
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below the result for the caseof degree-constrainednode-weightedSteinertrees. The extensionof
this theoremto moregeneralclassesof one-connectednetworksrepresentableascut-coversof proper
functionsis deferredto Section5.7.

Theorem 3.1 There is a polynomial-timealgorithmthat, givenan undirectedgraph
�

on � nodes
withnonnegativecostsonitsnodes,asubsetof

�

nodescalledterminals,andadegreebound�

� � 	

� �

for every node
�

, constructsa Steinertreespanningall the terminals,with degree �

�

�

� � 	�� � ��� 	

at
a node

�

and of cost �

� � � ��� 	

timesthat of the minimum-costSteinertreeof
�

that spansall the
terminalsandobeysall thedegreebounds.

A proof of this theoremis provided in Section5. The positive resultpresentedin this theorem
shouldbecontrastedwith thehardnessresultsmentionedearlierstatingthat thereis no

�

� 
��

�

�

	

or
�

�

� �


��

	

(for any ��� � andsome	 � 	 ) approximationalgorithmfor the(N-DEGREE, E-TOTAL-
COST, STEINER TREE) problemunlessP = NP. Combiningthe above observationswe get that
�nding anapproximationalgorithmwith performanceguarantee

�

� 
�� ,
�


��

	

is NP-hard.Notethat
theperformanceguaranteeonthenode-costin theabove theoremcannotbeasymptoticallyimproved
(evenif theotherperformanceratio is arbitrarilyweakened)sinceoneof theproblemsincludedin the
framework of Theorem3.1 is thenode-weightedSteinertreeproblemconsideredby Klein andRavi
in [18]. By areductionfrom thesetcoverproblemandtheknown non-approximabilityresultsfor the
latter problem,they notethat the bestpossibleperformanceratio achievablefor this problem(even
without thedegreerestrictionsimposedin Theorem3.1) is logarithmicunlessP = NP [20, 3, 27]. As
animmediatecorollaryof Theorem3.1,weobtainan

�

�

� � � �

�

	 �

�

� � � �

�

	 	

approximationalgorithm
for the(U-DEGREE, E-TOTAL COST, SPANNING TREE) problemintroducedearlier.

In Section6, we addressthe specialcasein which the edgecostsobey triangle inequalityand
presentsimpleapproximationalgorithmswith betterperformanceguarantees.Further, for theprob-
lemof constructingspanningnetworksin thisspecialcase,weshow thatouralgorithmsalsosimulta-
neouslyapproximateyetanotherobjective,namelythemaximumcostof any edgein thenetwork.

4 RelatedWork

Much work hasbeendoneon approximatingeachof the two costmeasuresthatwe simultaneously
minimize(see[4, 5] andthereferencestherein).We alsoreferthereaderto thecomprehensive book
editedby Hochbaum[15] for recentresultsandtechniquesfor solvingtheseproblems.

Therehasalsobeenextensive work on bicriteria network designproblems. The (U-DEGREE,
E-TOTAL COST, SPANNING TREE) problem,originally posedandstudiedin [8], hasbeenrecently
consideredin Boldon,DeoandKumar[4]. They presentheuristicsandtheirparallelimplementations
but do not provide worstcaseperformanceguarantees.PapadimitriouandVazirani[23] studiedthe
Euclideanversionof this problemfor thecasewhen �

��
 � �

. MonmaandSuri [22] showedthatfor
any setof pointsin the plane,a minimum spanningtreewith �

��


canbe constructedef�ciently.
Khuller, RaghavachariandYoung[17] gave approximationalgorithmswith performanceguarantees
of 3/2 and5/4 for �

��


and �

���

respectively for pointsin theplane.They alsopresentedanap-
proximationalgorithmwith aperformanceguaranteeof 5/3 for point setsin higherdimensionswhen
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. Iwainsky et al. [16] formulateda versionof theminimum-costSteinerproblemwith anad-
ditional costbasedon node-degrees.Duin andVolgenant[9] formulatedthedegree-boundedSteiner
treeproblemmotivatedby practicalconsiderations.In otherrelatedwork, Fischer[11] consideredthe
problemof �nding a MST of minimum possiblemaximumdegreein a weightedundirectedgraph.
He showed that the techniquesof FürerandRaghavachari[12] canbeappliedto �nd a MST of ap-
proximatelyminimumdegree.

In [25], we presentedearlyversionsof theresultsin this papergiving speci�c algorithmsfor the
edge-costversions,and usinga simpler versionof the techniquesin this paperto give resultsfor
the uniform degreenode-weightedversions.Building on our work there,in [21], we studiedother
bicriteria network designproblems. Therewe alsopresenteda polynomial-timealgorithmfor the
(U-DEGREE, E-TOTAL COST, SPANNING TREE) problemwheninputsarerestrictedto treewidth-
boundedgraphs.In [24], Ravi hasappliedsomeof the ideashereto solve a bicriteriaproblemthat
formsthebasisfor �nding anapproximatelyminimumbroadcast-timeschemein anarbitrarygraph.

5 Degree-ConstrainedNode-WeightedSteinerTrees

In this section,we presentour algorithmin detail for thedegree-constrainednode-weightedSteiner
treeproblem.In Section5.7,webrie�y indicatehow thealgorithmcanbeextendedto accommodate
moregeneralconnectivity speci�cations.

Recallthat,asinput to theproblem,wearegivenanundirectedgraph
�
� ��� �
	

, with nonnegative
costson thenodesanda setof terminalsto beconnectedtogetherinto aSteinertree.In addition,for
eachvertex

�

, abudget�

� � 	

on its degreein theSteinertreeis speci�ed.Thegoalis to �nd a Steiner
treeof minimum nodecostthatobeys thedegreeconstraintat every node. Thereareno edgecosts
in this versionsincethe problemwith nodeandedgecostscanbe transformedinto one involving
just nodecosts(seeSection3.2). We shallassumefor thesake of simplicity thatsucha Steinertree
alwaysexistson theinputgraphandaddresstheproblemof computingonethatapproximatelyobeys
thedegreebudgetsaswell asminimizesthetotal nodecost. In thedescriptionof thealgorithmand
its analysis,weuse� �

� � 	

to denotethecostof a node
� � �

. Weomit thesubscript
�

whenthereis
no ambiguity.

5.1 High Level Description

Thealgorithmmaintainsa set
�

of nodesanda set � of edges.Initially
�

containsall theterminals
and � is empty. Duringthecourseof thealgorithm,theconnectedcomponentsof thegraph

� � �

�

	

are
node-disjointtreeswhoseunioncontainsall theterminals.De�ne a connectedcomponentof

� � �

�

	

to be activeif it containsat leastoneterminalbut not all of the terminals.The algorithmworks in
�

� � � ��� 	

iterations.In eachiteration,we run a greedyalgorithmto choosea subgraph(a collection
of many smallersubgraphscalledspiders) of smalldegreeandsmallnode-costsuchthattheaddition
of this subgraphto thecurrentsolutionreducesthenumberof connectedcomponentsof

� � �

�

	

by a
constantfactor.

We �rst de�ne a few additionaltermsusedin describingour algorithm. We use ��� 
 to denote
theminimumcostof any Steinertreethatobeys thedegreerestrictionsin theinput.
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ALGORITHM-DEGREE-STEINER:
Input : An undirectedgraph

�
� ��� �
	

with nonnegative costson its nodes,a set �

�

�

of
terminals(where � ���

� �

), anda function � assigningnonnegative values(eachvalueis at least
two) to thenodesof

�

. Let �

����� �	� �

�

� � 	


 .
Output : A Steinertree 
 spanningthe terminals � suchthat the degreeof any node

�

in 


is at most is �

�

�

� � 	�� � ��� 	

andthe costof 
 is at most �

� � � � � 	

timesthat of a minimum-cost
degree-constrainedSteinertreespanningtheterminals� .

1 Initialization:
� �

� and �

��


.

2 Repeatwhile thereareactive componentsin
� � �

�

	

3 Let � bethesetof active componentsof
� � �

�

	

. Let �

� � �

�

� 
 
 
 � ���


 where�

�

� ��� .
Set

��� � ��� � ��� 	�� ���
� ��� �
	

.
4 While � ��� � � � � � � � and � ��� do
5 Constructanauxiliary graph� asfollows: Startingwith

�
� ��� �
	

deletethenodes
in

�




���

to getagraph
���

on
���

. For everycomponentsurviving (asactive) in � ,
contractall nodeswithin thiscomponentoccurringin

�
�

to asinglesupernode.
6 For everynode

� � ���

, consider
�

asthecenterof aspider.
7 If

�

is in a supernodeof � , thenuncontract
�

from this supernodeandattacha
zero-costedgebetweenthem;if nonodesfrom

���

remainin thesupernodeafter
uncontracting

�

, thenaddanew dummysupernodeto � representingtheactive
componentcontaining

�

andazero-costedgeto it from
�

.
8 For �

�

� to �

� � 	��

� do Findaminimum-costspidercenteredat
�

in � with �

supernodesasits feetusingPROCEDURE-FIND-SPIDER.
9 Amongall thespidersproducedin Step6, chooseoneof minimumratio-cost,de-

�ned astheratio of thecostof all therealnodesin thespiderto thenumberof feet
in it.

10 Let
�

bethecenternodeand
�

�

� 
 
 
 � �� 

bethecomponentsin � chosenasthefeet
of the spiderin Step9. Let �

�

� 
 
 
 �

�

 

be the legs of the spiderconnecting
�

to
�

�

� 
 
 
 � �� 

respectively. Add !

 " #

�

�

"

to thecurrentsolution
� � �

�

	

soasto merge
�

�

� �

�

� 
 
 
 � �� 

into oneactive component.Update� .
11 For every node

� � �
�

, if the degreeof this nodeusing edgesaddedso far in
this iteration(Steps5 through11) is between� �

� � 	

and



�

� � 	

, thenupdate
�$� �

���




� �


 .
12 If �$%&� then
13 Repeatwhile thereareactive components
14 RunSteps5 to 10.
15 Set

�
�

��


.
16 elseGotoStep2. ( � ��� is now lessthan

� �

�

� � .)

17 Output
� � �

�

	

asthesolution.
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De�nition 5.1 [18]
A spideris a treewith at mostonenodeof degreegreaterthan two. A centerof a spideris a node
fromwhich there arenode-disjointpaths(calledlegs) to theleavesof thespider. Notethat if a spider
hasat leastthreeleaves,its centeris unique. Theleavesof thespiderare alsocalledthefeetof the
spider. A nontrivial spideris onewith at leasttwo feet.

5.2 The Algorithm and its PerformanceGuarantee

The restof Section5 is devotedto describingthe algorithmandits performancefor approximately
solvingthe(N-DEGREE, E-TOTAL-COST, STEINER TREE). ALGORITHM-DEGREE-STEINER gives
thedetailsof theentirealgorithm.

5.3 A Procedure to Find Minimum Ratio Spiders

The heartof ALGORITHM-DEGREE-STEINER is Step8 — a procedurethat choosesa nontrivial
spiderof minimum “ratio-cost”. We describethis procedureinformally. Considera genericstep
of ALGORITHM-DEGREE-STEINER (Step4). Observe thatwe maintaina currentgraph

�
�

andthe
currentpartialsolution

� � �

�

	

. Let theconnectedcomponentsof
� � �

�

	

bedenotedby
� �

�


 
 
 � ���


 .
Thespiderweuseto mergethesecomponentsmusthave a realnodeof

���

asthecenterandsomeof
thesecomponentsasits feet.During thecourseof aniteration,wemaydeleteanode

�

from
���

if the
degreeof

�

dueto theadditionof edgesin thegenericstepis between� �

� � 	

and



�

� � 	

; i.e.,aconstant
factorof thedegreeboundfor

�

. We mustthenchoosein thecurrentgraph
�

�

a spiderof minimum
ratio-cost,namelytheratio of thecostof all thenodesof

���




�

in thespiderandthenumberof feet
of thespider.

Although theconceptof a spideris similar to theoneusedin [18], thedegreeconstraintmakes
theproblemof �nding a “good spider”harder. As a result,theprocedurein [18] for �nding spiders
cannotbeusedin placeof PROCEDURE-FIND-SPIDER describedbelow.

We �nd a spiderof minimumratio-costby usingseveralcallsto a minimum-cost�o w algorithm
on theauxiliarygraph� . Wedescribehow to �nd aminimumratiospidercenteredataspeci�c node

��� ���

, thecurrentgraph.By trying all nodes,we canchoosetheoverall minimumratio spider. To
�nd aminimumratiospidercenteredat

�

, it suf�ces to �nd aspidercenteredat
�

containingexactly �

feetsuchthatit hasminimumtotalnodecost.By trying all valuesof � in theset
�

�

� 
 � 
 
 
 �

�

� � 	 �

� 
 ,
we can �nd the value of � minimizing the ratio cost of the resultingspiderfor

�

. PROCEDURE-
FIND-SPIDER givenbelow describesamethodto �nd aminimumnode-costspidercenteredat

�

with
exactly � feet.
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PROCEDURE-FIND-SPIDER:
Input : An undirectedgraph � containingrealnodesandsupernodes,a realnode

�

asthecenter
andanumber� specifyingthenumberof feetin thespiderto beconstructed.
Output : A minimum-costspidercenteredat

�

with � feetthataresupernodes.

1 Bi-direct all theundirectededgesin � giving eachresultingarc thecostof thenodeat its
tail. (Supernodeshave zerocost.)

2 Reassignthecostof all thearcsleaving thecenternode
�

to be
� �

� �

� .

3 Attacha new sink node�

�

with new arcsof zero-costcomingto it from all thesupernodes.

4 In thisdigraph,imposeacapacityboundof oneunit onall nodesexcept
�

and �

�

and�nd a
minimum-cost�o w of value� from

�

to �

�

.

Remarks:

1. Thesolutionto theabove �o w problem(whenfeasible)canbefoundin polynomialtimeandis
integral (see[2] or Chapter4 of [6]).

2. Sucha�o w givesaminimum-costsetof node-disjointpathsoriginatingat
�

andendingataset
of � supernodes.

3. Thecostof realnodesin � otherthan
�

thatoccurin �o w pathsareaccountedfor in thecost
of thearcsleaving them.Node

�

hasexactly � arcsleaving it in the�o w solution,eachof cost
� �

� �

� for a totalof �

� � 	

. Thus,thetotalcostof the�o w solutionis equalto thecostof all thereal
nodesin thespiderthatarenot in any componentof

� � �

�

	

.

4. Thesetof edgesin thesolutionto the�o w problemcontainsno cycles. Consequently, theset
of undirectededgesfrom theoriginal graphthatcorrespondto these�o w paths(i.e., ignoring
thearcsinto �

�

) containnocycles.

We now prove the claimedperformanceguaranteeof the algorithm. For easeof expositionthe
proof is brokendown into asequenceof lemmasandtheorems.

Proposition5.2 Thenumberof iterationsof Step2 in thealgorithmis �

� � � ��� 	

where
�

is thenumber
of terminals.

Theabovepropositionfollowsby observingthatin eachiterationof Step4, wereducethenumber
of active componentsby a constantfactor. We startwith

�

componentsandthe last iterationrunsto
completionwhenthisnumberdropsto 6 or below.

Proposition5.3 For each node
�

, theincreasein thedegreeof
�

in
� � �

�

	

dueto edgesaddedin one
iteration of Step2 is at most




�

� � 	

.
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Proof: Considera node
�

and�x aniteration
�

(Step4). If degreeof
�

exceeds� �

� � 	

usingedgesin
this iteration,thenit is deletedfrom furtherconsiderationin Step11 andno moreedgesareaddedin
this iterationthatareadjacentto it. Furthermore,in Step8 the increasein degreeof

�

is either(i) at
most �

� � 	 �

� if it is thecenterof thechosenspideror (ii) at most � which is in turn at most �

� � 	

if
it is a non-centernodeof thechosenspider(sincefor all

�

, �

� � 	

��� ). Thus,if thedegreeof
�

is no
lessthan � �

� � 	

to begin with, it never exceeds



�

� � 	

afterexecutingStep8. In the last iteration,we
mergeatmost6 componentsusinganacyclic setof edges.Thus,thedegreeof

�

increasesby atmost
�$%




�

� � 	

, sincefor all
�

, �

� � 	

� � .
CombiningPropositions5.2 and5.3 immediatelyleadsto theperformanceguaranteeon thede-

greeof anodein the�nal solution.Wenow boundthetotalcostof thesubgraphaddedin oneiteration.
Lemma5.4alongwith Proposition5.2yield therequiredperformanceguaranteeon thetotal costof
the�nal solution,completingtheentireproof.

Lemma 5.4 Thecostof thesetof nodesaddedto thesolutionin each iteration of Step2 is at most
�

�

��� 


	

.

Firstwecompletetheproofwith regardto thethecostaddedin thelastiteration.Recallthatat the
beginningof the last iteration,thenumberof active componentsis at most6. For this iteration,our
algorithmreducesto thatof Klein andRavi [18] for node-weightedSteinertrees.Henceusingtheir
resultwith thenumberof “terminals” to beconnectedbeingat most � , thecostof thenodesaddedis
at most �

�

��� 


� � �

�

	 �

�

�

��� 


	

.
Theproofof thelemmafor theremainingiterationsis moreinvolvedandis describedin Sections

5.4through5.6.Theproofproceedsby deriving adecompositionof anoptimalsolutionandusingit as
awitnessto theperformanceof thealgorithmin eachiteration.In particular, weusethedecomposition
to prove an averaginglemmaandusethis in conjunctionwith a potentialfunctionargumentdueto
LeightonandRao[19] to prove Lemma5.4. We begin by proving a boundon thetotal degreeof all
thenodesthataredeletedfrom

�
�

in any iteration.

5.4 Bounding the Total Degreeof DeletedNodes

Fix aniteration
�

. Let theactivecomponentsin thebeginningof this iteration
�

be
�

�

� �

�

� 
 
 
 � ���

. At
thebeginningof this iteration,we initialize thegraph

�
�

� ���

. During thecourseof this iteration,
wemaydeletenodesfrom

�
�

in Step11.

Lemma 5.5 In each iterationof Step2 of thealgorithm,thesumof thedegreesof all thenodesdeleted
from

�
�

dueto edgesaddedin this iteration is at most� .

Theproof relieson thefollowing observations.

1. Thesubgraphaddedin agiveniterationis acyclic.

2. The iteration terminateswhenat most
�

� � of the active componentsaremerged usingedges
addedin agiveniteration.
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Using theseobservationswe canshow that a large fraction of the degreeof the deletednodescon-
tributesto merging the � active components.This impliesanupperboundon thesumof thedegrees.
Proof: Let � bethenumberof componentsthatweremergedin this iteration.Notethat �

%

�

� � . We
canassumewithout lossof generalitythatthe � componentsaremergedinto asinglecomponent.(It
is easyto seethatin othercasesweobtainbetterbounds.)

Let
�

denotethe acyclic subgraphaddedto merge the � components.By the working of the
algorithm,the leavesof

�

arepreciselythe � componentsthat weremerged. By our assumption,
�

� � 	

��� for all
�

. Thus,all verticesof degree2 in
�

do not contribute to thedegreesumof deleted
nodes. Hencewe modify

�

to obtain
�

�

as follows: We contractall simplepathsin which each
internalnodehasdegree2 into asingleedge.Now eachinternalnodein

�
�

hasadegreeof at least3.
Let �

� � �

�

� �

�

� 
 
 
 � ���


 denotetheinternalnodesof
�

�

. Notethatsomeof thesenodesmightnot
have beendeleted.Let �

� ��� 	

, ��%

�

% � denotethedegreeof
���

in
�

�

. We now prove a stronger
statementandshow that

�
�

�

	

�

#

�

�

� �
� 	

%�� (1)

Notethat ��%

�

% �

�

�

� �
� 	

�




. Thus
�

�




� . But since
�

�

is atreeweknow thatthenumber
of edges�

� �
�

�
	

� is givenby �

� �
�

�
	

�

�

�

�

�


�� . Thus

� �

� �
�

�

	

�

�

�

�

�

�

�


��

	��
�

�

�

�




�

�

� (2)

implying that � %

�


 � . Thisgivesanupperboundon thetotalnumberof internalnodesin
�

�

.

�
�

�

�

� �

� �
�

�

	

�

�

�

�

�

�

�


��

	

% �

�

�


 �

�

�


��

	

%




�







(3)

Combiningthiswith theupperboundon � weget

�

% �

�







% �

�

� �







%

�

�

proving Equation(1).

5.5 Spider Decompositionsand an AveragingLemma

We employ thenotion of spiderdecompositionsintroducedby Klein andRavi [18] in showing that
theeachnodechosenin Step9 hassmallratio-costwith respectto theoptimalsolution.

Let
�

bea graph,andlet � bea subsetof its nodes.A spiderdecompositionof � in
�

is a set
of node-disjointnontrivial spidersin

�

suchthat theunionof thefeetandthecentersof thespiders
in thedecompositioncontains� .

Theorem 5.6([18]) Let
�

bea connectedgraph,andlet � bea subsetof its nodessuch that � � � �

� . Then
�

containsa spiderdecompositionof � .

Let
�

bea nodechosenin Step9 of thealgorithm. Let
�

denotethecostof thesubgraphadded
subsequentlyin Step10. Let thissubgraphmerge � trees.Weprove thefollowing claim.
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Claim 5.7
�
�




� �

�

�

��� 


(4)

Proof: Let 


�

bea minimum-costdegree-boundedSteinertreeof cost ��� 
 . Let
�

�

� 
 
 
 � �

� bethe
active componentswhena spidercenteredat node

�

waschosenby thealgorithm.Let 


�
� � 	

bethe
graphobtainedfrom 


�

by contractingeach
�

� to a supernodeof zerocost. 


�
� � 	

is connectedand
containsall supernodes.We thenremove edgesfrom 


�
� � 	

soasto make it acyclic; thus 


�
� � 	

is a
tree.

Deleteall edgesincidenton nodesin
�




���

(thedeletednodes)in 


� � � 	

. Considera node � .
By constructionof 


�
� � 	

, � 's degreein 


�
� � 	

(denotedby � �

�

�

	

) is atmost �

�

�

	

. Furthermore,� is
deletedin ouralgorithmonly if its degree,denotedby �

�

�

�

	

, exceeds� �

�

�

	

dueto theedgesaddedin
agiveniterationof Step2. Thuswehave

���

� �




�

�

�

�

�

�

�

	

� � �

�

�

	�� ���

� �

�

�

	

% �

�

�

	

Combiningtheseobservationswith Lemma5.5,weget

	

	 
 �
�����

� �

�

�

	

%

�

�

	

	 
 �������

�

�

�

�

	

%�� � �




Thus, the total numberof edgesdeletedfrom 


� � � 	

is also at most
�

� . Sincetherewere � active
components(andhencesupernodes)when

�

waschosen,thetree 


�
� � 	

has� supernodesin it. Since
wedeletedatmost

�

� edgesfrom this tree,at least��


�

� of thesupernodesarein subtreeswith at least
two or moresupernodes.Since� �

� �

�

� � , at least
�

�

� � supernodesarein suchtrees.Wesummarizethis
in thefollowing proposition.

Proposition5.8 Let � denotethesubsetof supernodesthatare in subtreeswith twoor moresupern-

odes.Then � � � �




�

� �

.

We applyTheorem5.6 to eachsubtreeof 


�
� � 	

with at leasttwo supernodesto obtaina spider
decompositionof � . We now comparethe ratio costof spiderchosenby the algorithmwith that
of eachspiderin the decomposition.To do this however, we must ensurethat the following two
conditionshold.

(i) thecenterof eachspiderin thedecompositionmustbea realnode(notasupernode)and

(ii) thenumberof legsof eachspidermustbeatmost �

� � 	 �

� .

We achieve this as follows. We further partition a spidercenteredat a supernodeinto many
nontrivial spiderseachcenteredat a real node

�

containedin this supernodesuchthat the union of
their feetcontainsthefeetof theoriginalspidersandthenumberof legsof thespidercenteredat

�

is
atmost �

� � 	��

� . To do this, �rst considerall therealnodesin thecentralsupernodewith at leastone
leg of thespiderincidenton them.Eachsuchrealnodecanbemadethecenterof a nontrivial spider
(satisfying(i)) with all thelegsincidenton it asthelegsof thespider, alongwith azerocostleg to the
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supernodethat it belongsto. Sincethedegreeof any realnodein 


�

is at most �

� � 	

, thenumberof
legsof any suchspideris atmost �

� � 	 �

� satisfying(ii).
Let thecentersof theresultingspiderdecompositionsatisfying(i) and(ii) bethesetof realnodes

�

�

� 
 
 
 � �

� . Let
�

�

� 
 
 
 � �

� denotethenumberof nodesof � (feet)in eachof thesespidersrespectively.
Sinceeveryspiderin thedecompositionis nontrivial andis derivedasabove,each

�

� isatleasttwo and
atmost �

� � 	 �

� . Moreover, aspiderwith center
�

� inducesasubsetof thecurrentactivecomponents,
namelythe

�

� componentswhosesupernodesbelongto thisspider. Let thecostof thespidercentered
at

�

� (i.e., costof
�

� plusthesumof thenode-costsof thepathsfrom
�

� to the
�

� components– if
�

�

is alreadyin a supernode,we mayassumeits costto bezerosinceit hasalreadybeenpaidfor in the
formationof thesupernode)be

��� �

�

� . Thentheratiocostof thespidercenteredat
�

� in theauxiliary
graph� constructedin this loop is atmost

��� �

� 	




	 .
Sincethealgorithmchoosesa spiderof minimumratio-costin � , for eachspiderin thedecom-

positionwehave
��� �

� 	




	

�

�

 . Summingover all thespidersin thedecompositionyields

�

	

�

#

�

��� �

�

�

�

�

�

�

	

�

#

�

�

�




(5)

CombiningProposition5.8with theobservationthattheunionof thefeetof thespiderscontains� ,
weget

�

	

�

#

�

�

�

� � � � �




�

� �




(6)

Also notethat

�

	

�

#

�

��� �

�

�

%

�

�

�




�




�

� � 	 	

% ��� 
 (7)

since(i) the costof the nodesin the tree 


� � � 	

is at most ��� 
 and(ii) eachreal nodein 


� � � 	

appearsin atmostonespider. CombiningEquations(5), (6) and(7) yieldsClaim5.7.

5.6 A Potential Function Ar gument

Now we arereadyto completethe proof of Lemma5.4. Fix an iteration
�

andlet the setof nodes
chosenin Step9 of thealgorithmin this iterationbe

�

�

� 
 
 
 � �

in theorderin whichthey werechosen.
Let




� denotethe numberof active componentsin the solutionafter choosingvertex
�

� in this
iteration. Thus, for instance,


�
 �

� , the numberof active componentsat the beginning of this
iterationin

� � �

�

	

,

��

�

�

�

� �

�

� � and

��

%

� �

�

� � . Let thenumberof treesmergedusingvertex
�

� be �

� .
Thenwehave




�

��


�

�

�




�

�

�


��

	

(8)

Let
�

� denotethecostof thesubgraphaddedby thealgorithmin thestepwhenvertex
�

� waschosen.
Thenby Claim5.7,wehave

�

�

�




� �

�

�

�

��� 


�




� �

�

�




�

�

�

��� 


(9)
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Wenow useananalysistechniquedueto LeightonandRao[19] to completetheproofasin [18].
SubstitutingEquation(9) into (8) andsimplifying using �

�

� � gives




�

%




�

�

�

�

� 





�

�

�

�

��� 


	

(10)

Simplifying (10),weobtain


��

�

�

%


�


�

�

�

�

�

#

�

�

� 





�

�

�� 

��� 


	 


Takingnaturallogarithmson bothsidesandsimplifying usingtheapproximation
� � �

�

��� 	

%

�

, we
obtain

�

�



��� 


� � �


�



��

�

�

	

�

�

�

�

	

�

#

�

�

�




Notethat

�
 �

� and



�

�

�

�

� �

�

� � andsowehave
�

�

�

	

�

#

�

�

���




��� 


� �
� �

� �

�

�

�

��� 


	

(11)

Notethatthecostof thenodesaddedin this iterationis exactly thesum �

�

�

#

�

�

� .
To completetheproof,weboundthecostof thesubgraphassociatedwith

�
�

, thelastnodechosen
in this iteration.UsingClaim5.7andnotingthat �

�

%�� wehave

�
�

%

� �



��� 





Usingtheabove equationand(11),wehave thatthecostof thesetof nodesaddedin this iterationis
�

	

�

#

�

�

�

�

�

�

��� 


	 


This completestheproofof Lemma5.4.
Theperformanceof ourapproximationalgorithmwassummarizedin Theorem3.1.

5.7 Extensionto Proper Function Cut Covers

Theextensionof Theorem3.1toconstructcut-coversde�nedby proper0-1functionsis fairly straight-
forward, and the algorithmfor this casefollows the sameoutline as the oneabove. The readeris
referredto [14, 15] for the de�nition of proper0-1 functions. The algorithmbegins with the set

�

beingthesetof terminalsde�ned by theproperfunction. Thede�nition of active componentsin the
algorithmis now basedon the � -valuesgivento cutsby theinput properfunction. In otherwords,a
componentis deemedactive if thecut aroundit is. Note thatwhenall componentsareinactive, the
setof edgesaddedby thealgorithmuntil thenconstitutesa feasiblecut-cover.

Theonly additionalissueis thatin theproofof theupperboundonthecostof thesubgraphadded
in eachiteration, the optimal solution is a forest insteadof a singletree. However, as in [18], we
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canusethe fact thateachtreein the forestmustcontainat leasttwo active componentsto infer that
this forestcontainsat leastasmany edgesashalf thenumberof active components.Thisobservation
is suf�cient to prove a modi�ed versionof Claim 5.7 with slightly worseconstants.Thedetailsare
straightforwardandomittedto avoid repetition.Thuswehave thefollowing theorem.

Theorem 5.9 There is a polynomial-timealgorithmthat,givenan undirectedgraph
�

with nonneg-
ative costson its nodes,a proper function � de�ned on the nodesubsetsof

�

, and a function �

assigninga nonnegativevalue �

� � 	

� � to each node
�

of
�

, constructsa cut-cover for thefamilyof
cutsde�nedby � in which themaximumdegreeof anynode

�

is at most�

�

�

� � 	�� � ��� 	

andthecostof
thecover is at most �

� � � ��� 	

timesthat of the“minimum-costdegree-constrainedcut cover” for � .
Here

�

representsthenumberof terminalsde�nedby � . A degree-constrainedcutcover is a subgraph
which covers (i.e., containsat leastoneedge in) all thecutsde�nedby � andhasdegreeat most�

� � 	

at node
�

, for all
�

.

6 Algorithms Under Triangle Inequality

One way to circumvent the dif�culty of approximatingthe problemsstudiedis to considermore
structuredcost functionson the edges.In this direction,we turn to the casewherethe underlying
graph is assumedto be completewith costsonly on the edgesand thesecostsobey the triangle
inequality. De�ne thebottleneck costof a network to bethemaximumcostof any edgein it. In this
case,we presentapproximationalgorithmsthatstrictly conformto thedegreerestrictionin theinput
problemandapproximatethebottleneckcostof theoutputnetwork aswell. Mostof theresultsin this
sectionarestraightforwardandwediscussit herefor thesake of completeness.

6.1 Resultsfor SpanningTrees

Proposition6.1

1. There is a polynomialtimeapproximationalgorithmfor (N-DEGREE, E-TOTAL COST, SPAN-
NING TREE) problemrestrictedto edge-weightedgraphsthat satisfytriangle inequality. Its
performanceguaranteeis

�

�

� �

� 


�

� ��� �

�

� �

�

�

�

� � �

�

�

	 	

. Moreover, thebottleneck costof thetreepro-
ducedby ALGORITHM-TI-SPANNING-TREE is at mosttwice that of theminimum-bottleneck
spanningtree. Here � ��� 	

� � 	

denotesthesmallestdegreeconstraint.

2. There is a polynomial-timealgorithmthat,givena undirectedgraphwith edge costssatisfying
thetriangle inequality, outputsa TSPtour of total costat mosttwo timesthecostof a MSTand
of bottleneck costat mostthreetimesthat of a minimumbottleneck-costspanningtree.

Proof: First we sketch the proof of Part 1. The algorithmstartsby constructingan MST. It then
partitionsthe edgesof the MST into claws andsortsthe edgesin every claw in the orderof non-
decreasingcost.Eachclaw isshort-cutlocallyby replacingedgesfromtheinternalnodeto itschildren
(exceptthevery �rst child) with edgesbetweenconsecutive children.Let 
 denotetheresultingtree.
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To prove the�rst partof theproposition,for any set
�$�

of edges,let �

� ��� 	

denotethesumof the
costsof all theedgesin

�
�

. Wehave thefollowing relations.

�

�

�

�




	��

	

� � �

is nota leafof theMST

�

�

�

� � �
� � 	 	 


For aninternalnode
�

, let �

� � 	

denotethenumberof childrenof
�

in therootedMST. For thesolution

 , wehave

�

�




	 �

	

� � �

is nota leafof theMST

�

�

�

�

� � � � � 	 	




�

�

� �

�

�

�

� � �

�

	

�

#

�

�

� � � � � 	 �

�

�

� �

�

�

�

� � �

�

	

�

#

�

�

� � �

�

�

� � � 	 � 


By triangleinequalityon thecosts� , wehave

�

� � �

�

�

� � � 	

%

�

� � �

�

�

� � 	 �

�

� � � � � 	

% �

�

� � � � � 	

Thelast inequalityfollows from theway we orderedtheedgesin eachclaw in non-decreasingorder
of costs. Puttingthe above threeequationstogether, we get the following boundon the costof the
outputtree 
 .

�

�




	

�

�

�

�




	
%

�

��


�

� �

�

�

� � 	


 �

	

�

�


��

	

	 


Sincethecostof any �

� � 	

-boundedspanningtreeis at leastasmuchasthatof theMST, thisgivesthe
boundon thecostof thetreeoutputby thealgorithm.

Wenow completeproofby proving theboundof two on thebottleneckcost.It is well known that
anMST is alsoanoptimumbottleneckspanningtree.Sinceeachshort-cutusedin formingtheoutput
tree 
 is madeup of at mosttwo edges,the bottleneckcostof 
 is at mosttwice that of theMST.
Sincethebottleneckcostof any � -boundedspanningtreeis at leastasmuchasthatof thebottleneck
spanningtree,theresultingtreehasbottleneckcostat mosttwice theoptimum.

Part 2 of thepropositionfollows from standardconstructionsbasedon a recursive short-cutting
procedureusingedgesfrom thecubeof theMinimum SpanningTree.This is alsohintedat in [7] (see
problem37.2-3onpage975).

6.2 Extensionto Higher Connectivities

Now wearereadyto proveour resultfor networkswith higherconnectivities. Theresultis provedby
usingshort-cutsthatinducehigher-connectedgraphs.

Theorem 6.2 There is a polynomial-timealgorithmthat,givenan undirectedgraphwith edge costs
satisfyingthetriangle inequality, andan integer

�

� � (thevertex-connectivity requirement),outputs
a

�

-connectedspanningsubgraphof
�

in which thedegreeof everynodeis exactly
�

, thetotal cost
of all theedgesin thesubgraph is at most �

���

� timesthat of a minimum-cost
�

-connectedsubgraph,
and the bottleneck costof the subgraph is at most



	��

�

� 
 timesthat of a minimumbottleneck-cost
spanningtree.
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Proof: Let �

�

and
�
�

denotethecostof anMST andtheoptimumbottleneckcostof a spanningtree
of theinput graph.By Proposition6.1,we canobtaina TSPtour 
 of cost �

�




	

andbottleneckcost
� �




	

suchthat �

�




	

% �

�

�

and
� �




	

%


 �
�

. Let theverticesin this tourbenumbered
�

�

� �

�

� 
 
 
 � �

� .
Now, we addextra edgesto this cycle asfollows: For every node,addedgesjoining it to verticesto
its left in thecycle thatarewithin

�

�

� 
 edgesfrom it andall verticesto its right in thecycle thatare
within

�

�

� � edgesfrom it. It is not hardto seethatthis graphis
�

-vertex-connected(by showing
�

�

� 


disjoint pathsbetweenany pair of nodesgoingclockwisein thecycle andanother
�

�

� � disjoint paths
goingcounter-clockwise). Thedegreeof every nodein this graphis exactly

�

. Sinceeachshortcut
employedreplacesapathof atmost

�

�

�

 edges,thebottleneckcostgoesupby this factor. Thisproves

thatthebottleneckcostof thissubgraphis within

 	 �

�

� 
 of optimal.
The total costof the graphobtainedthis way canbe computedby boundinghow many newly

addededgescontainagivenedgein theTSPtourwithin their spanof �

� or less.Wecancomputethis
for anedge�

�

by countingall theaddededgesthatoriginateat � or to the left of it andendat
�

or
to its right. Thenumberof suchedgesoriginatingat � is

�

�

�

 , andthenumberoriginatingat thenode

before � crossingover �

�

is
�

�

� 



 � andsoon, giving a total of at most �

�

�

�

�

�

�

�

� . Thusthetotal
costof thisgraphis atmost �

�

�

�

�

�

�

�

� timesthatof theTSPtour 
 thatwestartedwith. This in turn
is at most

�

�

�

�

�

�

�

�

�

�

	

�

�

. However, wecanapplyanapproximatemin-maxrelationbetweena MST
andapackingof cutsin thegraphthatis derivedin [1, 14] in proving abetterperformanceguarantee
of �

�

�

�

�

� for thetotal cost.
In particular, if ��� 


�

denotesthe cost of a minimum
�

-connectedsubgraph,we show that
��� 


�

� �

� �

� . Thiswouldprove thatthecostof the
�

-connectedsubgraphoutputby ouralgorithmis
at most

�

�

�

�

�

�

�

	

��� 


�

asclaimedin Theorem6.2.
It remainsto prove that ��� 


�

� �

� �

� . We do this in the remainderof this section.Beforethat
we needsomede�nitions. Given a graph

�

, recall that an edgecut in the graphcanbe written as
�

� � 	

, where
�

is a nodesubsetof thegraph,and
�

� ��	

denotesthesetof edgeswith exactly one
endpointin

�

. A fractionalpackingof cutsis a family of cuts
�

� �

�

	 �
�

� �

�

	 � 
 
 
 �
�

� �

�

	

, together
with a rationalweightfor eachcut. A (fractional)

�

-packing of cutsis a weightedcollectionof cuts
thathave the following property: for eachedge

�

�

� � 	

of cost
� �

�

� � 	

, thesumof theweightsof all
thecutsin this collectioncontainingtheedgeis at most

� �

�

� � 	

. Thevalueof thepacking is thesum
of the weightsof all the cutsin the packing. A maximumpacking is oneof maximumvalue. The
following theoremis aconsequenceof theresultsin [1, 14].

Theorem 6.3 Givenan undirectedgraph with edge-weights,a minimum-weightspanningtreehas
weightat mosttwicethevalueof a maximumpacking of cuts.

The algorithmsin [1, 14] �nd a greedypackingof cuts andsimultaneouslybuild a minimum
spanningtreeof weightatmosttwice thevalueof thispacking.

Note thatany
�

-connectedspanningsubgraphmusthave at least
�

edgescrossingany cut since
this subgraphhas

�

disjoint connectionsbetweenevery pair of vertices.Thuswe have thefollowing
lemma.

Lemma 6.4 Theweightof any
�

-connectedsubgraph is at least
�

timesas much as the valueof a
maximumpacking of cuts.

16



Applying theabove lemmato theoptimum
�

-connectedsubgraphof cost ��� 


�

andcombiningwith
Theorem6.3above weconcludethat ��� 


�

� �

� �

� .

7 HardnessResults

In this section,we prove hardnessresultsthatmotivatetheneedfor bicriteriaapproximationsrather
thanapproximatingonly oneobjective while strictly obeying thebudgeton theother. We �rst prove
theresultsfor spanningtreesandthenstrengthentheresultsfor Steinertrees.

7.1 HardnessResultsfor SpanningTreeProblems

Theorem 7.1 1. UnlessP = NP, for any ��� � , there is nopolynomialtime
�

�

�

�

	

approximation
algorithmfor theproblem(U-DEGREE, E-TOTAL COST, SPANNING TREE).

2. UnlessP = NP, for any ��� � , there is no polynomialtime
�

�

�

�

	

approximationalgorithmfor
theproblem(U-DEGREE, E-BOTTLENECK-COST, SPANNING TREE).

3. UnlessP = NP, for any ��%��

�

� , there is nopolynomialtime
�

�

�

�

	

approximationalgorithm
for the problem(U-DEGREE, E-BOTTLENECK-COST, SPANNING TREE), even whenedge
weightssatisfytriangle inequality.

Proof: TheNP-hardnessof (U-DEGREE, E-TOTAL COST, SPANNING TREE) and(U-DEGREE, E-
BOTTLENECK-COST, SPANNING TREE), follows via a straightforward reductionfrom the HAMIL-
TONIAN PATH problemin which we adda the right numberof distinct leaves to eachnodeof the
originalgraph.

To prove thethird part,we usethecostassignmentasin the�rst partof theproof thatobeys the
triangleinequality. Underthisassignment,themaximumcostof any edgein any � -boundedspanning
tree of the resultinggraphis at most one if the original graphis Hamiltonianand is at leasttwo
otherwise.Henceanapproximationalgorithmwith performanceratio lessthantwo in thiscasewould
beableto recognizeHamiltoniangraphs.Thiscompletestheproofof Theorem7.1.

7.2 HardnessResultsfor SteinerTreeProblems

Sincea spanningtreeis a specialcaseof a Steinertree,it follows from Part 1 of Theorem7.1 that
unlessP = NP, thereis no polynomial time

�

�

�

�

	

or
�

�

�

�

	

approximationalgorithm for the (U-
DEGREE, E-TOTAL-COST, STEINER TREE) problemfor any � � � . Furthermore,sincetheproblem
of computinga Steinertreeof minimum total edgeweight (even without any degreeconstraintson
nodes)is NP-hard,it follows thatunlessP = NP, thereis no polynomialtime

�

�

�

�

	

approximation
algorithmfor the(U-DEGREE, E-TOTAL-COST, STEINER TREE) problemfor any � � � .

Thesehardnessresultsrequireeitherthebudgetto besatis�edexactly or thecostof thenetwork
to beoptimal. We now presenta resultwhich pointsout thedif�culty of solvingtheSteinerversion
of the non-uniformdegreeboundedproblemwithin constantfactors. This result is obtainedby a
reductionfrom theSET COVER problem.Recently, AroraandSudan[3], andindependentlyRazand
Safra[27] have shown thefollowing non-approximabilityresultfor M IN SET COVER.
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Theorem 7.2 UnlessP
�

NP, the M IN SET COVER problem,with a universeof size
�

, cannotbe
approximatedto betterthana

� ���

factor.

Theorem 7.3 UnlessP
�

NP, for any ���
	 , there is no polynomialtime
�

� 
 �

	

-approximation
algorithmfor thenon-uniformdegree-boundedSteinertreeproblem.

Proof: Supposethereis a polynomialtime
�

� 
��

	

-approximationalgorithmA for theproblem.We
will show thatA canbeusedto obtaina polynomialtime 2-approximationfor theM IN SET COVER.
In view of Theorem7.2,therequiredresultwould follow.

Givenaninstanceof M IN SET COVER, weconstructthenaturalbipartitegraphwith onepartition
for setnodes(denotedby

�

� ,
�

� ,

 
 


,
�

� ) andtheotherfor elementnodes(denotedby �

� , �

� ,

 
 


,
�

� ), andedgesrepresentingelementinclusionin thesets.To thisbipartitegraph,weaddan“enforcer”
node(denotedby

�

) which is adjacentto eachof thesetnodes.Let
�

denotetheresultingbipartite
graph.Theset � of terminalsfor theSteinertreeinstanceis givenby �

� � � �

�

�

�

�

�

� 
 
 
 �

�

�


 .
In this way, we createa sequenceof � instancesof theproblem(N-DEGREE, E-TOTAL-COST,

STEINER TREE). In all theseinstances,thedegreeboundfor eachelementnodeis chosenas1 and
the degreeboundfor eachsetnodeis chosenas �

�

� . For the ��� � instanceof the (N-DEGREE,
E-TOTAL-COST, STEINER TREE) problem,the degreeboundon the enforcernodeis chosenas �

( ��% ��%

� ).
Supposethereis anoptimal solution

��� � � � � � � � � � � 
 
 
 � � � �


 consistingof
�

setsto the M IN

SET COVER instance.ThentheSteinertree 
 in
�

consistingof
�

, theedges
� � � � �

	

	

, ��%�� %

�

,
andoneedgefrom eachelementnodeto somesetnodein

�
�

satis�esall thedegreeconstraints.The
costof 
 is equalto

�

.
Supposewe run the approximationalgorithm A successively on instances1, 2,


 
 


, � of the
(N-DEGREE, E-TOTAL-COST, STEINER TREE) problem.NotethatA mayfail to producea Steiner
treeon someof theseinstancessincetheremaybeno Steinertreesatisfyingthedegreeconstraints,
even after allowing for degreeviolationsby a factor of � 
 � . We stop as soonas A producesa
solution. We now arguethat from this solution,we canobtaina 2-approximatesolutionto the M IN

SET COVER instance.To seethis,notethatwhenwe run A on instance
�

, A mustproducea Steiner
tree 


�

, sinceasarguedabove, thereis a feasiblesolutionto instance
�

. Sincethedegreerequirement
for eachelementnodeis 1 andtheviolation factoris lessthan2, thedegreeof eachelementnodein



�

is 1. Similarly, thedegreeof theenforcernode
�

in 


�

is lessthan �

�

. Thesetnodesadjacentto
�

mustcover all theelementnodessincethedegreeof eachelementnodeis 1. We thushave asolution
of sizeatmost �

�

for M IN SET COVER andthis completestheproof.

Corollary 7.4 UnlessP
�

NP, for any ��� 	 and ���
� , there is no polynomialtime
�

� 
��

�

�

	

-
approximationalgorithmfor the(N-DEGREE, E-TOTAL-COST, STEINER TREE) problem.

8 Concluding Remarks

We have introducedbicriteriaapproximationalgorithmsfor degree-constrainedminimum-costone-
connectednetwork problems,thatallow generaldegreespeci�cationsandnodecosts.Our resultsfor
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bicriteriaproblemscanbeusedto improvepreviousresultsonapproximatingcertainminimumdegree
network problems. In particular, Theorem5.9 implies a polynomial-timeapproximationalgorithm
for a classof minimum-degreeforestproblemsconsideredby Ravi, RaghavachariandKlein [26].
They addresstheproblemof �nding one-connectednetworks thatarecut-coversof properfunctions
suchthat the maximumdegreeof any nodein the network is minimum. This is a singlecriterion
problemwithout the nodeweight objective. They provide a quasi-polynomial( �

�

� � � �

� �

�

�

�

-time)
approximationalgorithmfor theseproblemsonan � -nodegraphthatprovidesasolutionof degreeat
most

�

�

�

	

	

timestheminimumwith anadditive errorof �

� � � �

�

���

�

	

, for any 	 ��	 . A prototypical
exampleof theone-connectednetwork problemconsideredin [26] is theminimum-degreegeneralized
Steinerforestproblem:givenanundirectedgraphwith site-pairsof nodes,�nd a generalizedSteiner
forest for the site-pairsin which the maximumdegreeis minimum. The techniquesin [26] canbe
adaptedto provide polynomial-timeapproximationalgorithmswith performanceratio

� �

�
	

	

for any
constant� ��	 (bysetting	

�

�

�

� ). By adirectapplicationof Theorem5.9,animproved(logarithmic)
approximationratio canbeachievedin polynomialtime for thisproblem.

SubsequentWork

In subsequentwork, we have useda similar framework to deviseapproximationalgorithmsfor other
bicriteriaproblems(see[21, 24]). An obviousopenproblemresultingfrom this work is to improve
the performanceratiosin all our results;althoughdifferenttechniquesthanthosegiven seemto be
required.In thiscontext, it wouldbeinterestingto investigatewhethertheprimal-dualmethod[1, 14]
canbeappliedto provide suchbetterguaranteesandalsoprovide a generalframework for bicriteria
network-designproblems.Anotherinterestingquestionis to investigatetheextensionof our work to
higher-connecteddegree-constrainednetworkswithout thetriangleinequality.

In otherfollow-up to ourwork, thespecialcaseof the(U-DEGREE, E-TOTAL COST, SPANNING

TREE) problemin theEuclideanplanewasaddressedin [17], andimprovementsto theshort-cutting
schemeof Proposition6.1usingnetwork �o w techniquesarepresentedin [10].

Acknowledgments: We thanktherefereefor several valuablesuggestions.We gratefullyacknowl-
edgehelpfulconversationswith M. X. Goemans,P. N. Klein, G.Konjevod,S.Krumke,B. Raghavachari,
V. S.Ramakrishnan,S.SubramanianandR. Sundaram.
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