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Abstract

We study network-designproblemswith two differentdesignobjecties: the total cost of
the edgesand nodesin the network and the maximumdegreeof ary nodein the network. A
prototypicalexampleis thedegree-constrainedode-weighte&teinertreeproblem:We aregiven
an undirectedgraph , with a non-ngyative integral function that speci es an upper
bound onthedegreeof eachvertex in the Steinertreeto be constructednonngative
costson thenodes,anda subsetof nodescalledterminals The goalis to constructa Steiner
tree containingall theterminalssuchthatthe degreeof ary node in is atmostthespeci ed
upperbound andthetotal costof thenodesn is minimum. Our mainresultis a bicriteria
approximatioralgorithmwhoseoutputis approximaten termsof boththedegreeandcostcriteria
— the dggreeof arny node in the output Steinertreeis andthe costof the
treeis timesthat of a minimum-costSteinertree that obeys the degree bound
for eachnode . Our resultextendsto the moregeneralproblemof constructingone-connected
networks suchas generalizedSteinerforests. We also considerthe specialcasein which the
edgecostsobey the triangleinequalityandpresensimple approximatioralgorithmswith better
performancguarantees.
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1 Intr oduction and Moti vation

Several problemsin the designof communicatiometworks canbe modeledas nding a network
obeying certainconnectiity speci cations.For instancethe network mayberequiredto connectall
thenodesn thegraph(aspanningreeproblem),aspeci edsubsebf thenodesn thegraph(a Steiner
tree problem)or to only interconnect setof pairsof nodes(a generalizedsteinerforestproblem).
The goalin suchnetwork-designproblemscan usually be expressedas minimizing somemeasure
of costassociateavith the network. Several examplesof suchcostmeasurefave beenconsidered
in the literature. For example,if we associateostswith edgesandnodesthat canbe usedto build
the network, thenwe may seeka network suchthat the costof constructionis minimized. This is
the minimum-coshetworkdesignproblemandhasbeenwell studied. A notion of costthatre ects
the vulnerability of the network to single point failuresandthe amountof load at a given point in
the network is the maximumdegreeof ary nodein the network. Minimizing this costgivesrise to
the minimum-dgree networkdesignproblem,which hasalsobeenwell studied. Anothercommon
costmeasuras the maximumcostof ary edgein the network. This goalfalls underthe cateyory of
bottlenek problemsthathave alsoreceved considerablattention.

Finding a network of sufcient generalityandof minimum costwith respecto ary oneof these
measuress oftenNP-hard[13]. Hencemuchof thework mentionedabove focuseson approximation
algorithmsfor theseproblems.However, in applicationghatarisein real-world situationsijt is often
the casethatthe network designprobleminvolvesthe minimizationof morethanoneof thesecost
measuresimultaneously9, 16.

In this paperwe concentrat®ntwo objectives: (i) thedegreeof thenetwork and(ii) thetotal cost
of thenetwork. Typically, our goalwill beto nd networks of minimum costsubjectto degreecon-
straints.For example,considerthe following problem: Givenan undirectedgraph with
nonngative costson its edgesandaninteger , nd aspanningreein which the maximumde-
greeof ary nodeis atmost andthetotal costis aminimum. Suchdegree-consiinedminimum-cost
networkproblemsarisein diverseareassuchas VLS| design,vehicle routing and communication
networks. For example,Deo and Hakimi [8] consideredhis problemin the context of back-plane
wiring amongpins, whereno morethana x ed numberof wires canbe wrappedaroundary pin on
thewiring panel.In communicatioditerature this problemis commonlyknown asthetelepocessing
designproblemor asthe multidrop terminallayoutproblem[2]. Here,we investigatehe compleity
and approximability of a numberof suchdegree-constrainechinimum-costnetwork-designprob-
lems. The main focus of our work is to develop a generaltechniquefor constructingnearoptimal
solutionsto suchproblems.

Theremaindeof thepapelis organizedasfollows. Section2 containgasicde nitions andformal
statement®f the problemsconsideredn this paper It alsodiscussesa framevork for evaluating
approximatioralgorithms.Section3 summarizesheresultsin the paper Sectiond discusseselated
work. In Section5 we presentour algorithmfor degree-boundedode-weightedhetworks. In that
sectionwe alsodiscussanextensionof thealgorithmto networksrepresentedsingproperfunctions.
In Section6, we outlinethealgorithmswith improvedperformance&ndrunningtimesfor constructing
networkswhenrestrictedto input graphsobeying the triangleinequality Section7 containsnegative



resultson the approximabilitiesof someproblems. Finally, Section8 discussesomeimplications
anddirectionsfor futureresearch.

2 BasicDe nitions and Problem Formulations

Following the framevork developedin [21], a genericbicriterianetwork designproblem,denotedoy

, is de ned by identifying two minimizationobjectves,denotedby A andB, from a setof
possibleobjectives,andspecifyinga membershipequirementn aclassof subgraphsgenotedy
The problemspeci esa budgetvalueon the rst objective (A) underonecostfunction,andthegoal
isto nd anetwork having minimum possiblevaluefor the secondobjective (B) underanothercost
function,suchthatthis network is within the budgetonthe rst objective. The solutionnetwork must
belongto thesubgraph-class.

Thetwo objectiveswe considetin this paperare: (i) degreeof the network and(ii) thecostof the
network. We considertwo extensionof theseobjectives. The rst extensiondealswith thebudgeted
objective, namelydeggree andthesecondiealswith theminimizationobjective, namelythetotal cost.
Thetwo versionsof degreeconstraintghatwe considerare: (i) non-uniformdegree(denotedoy N-
DEGREE) and (ii) uniform degree(denotedoy U-DEGREE). In the non-uniformdegree version,a
possiblydifferentdegreebound is speci edfor eachvertex . Theuniformdegreeversion
is a specialcasewhere for someinteger ; i.e., all the verticeshave the same
degreeconstraint. Thus,for the problemsconsideredn this paperA U-DEGREE, N-DEGREE .
For the minimizationobjective, we focuson the total costof the network. We assumewe aregiven
nonngative costson the edgesand/ornodesof the input undirectedgraph. The total costis given
by the sumof the costsof all the edges(denotedby E-ToTAL-CosST) or all the nodes(denotedby
N-TOTAL-CosST) in thenetwork. Thus,B N-TOTAL-CosT, E-TOTAL-CoOST . Finally, theclass
of subgraphs studiedhereincludesSPANNING TREES, STEINER TREES, GENERALIZED STEINER
TREES andnetworksspeci ed usingproper0-1 functionsintroducedn [14].

Using the above notation,the problemof nding a minimum-costspanningtreein which each
nodehasdegreeatmost is denotediy (U-DEGREE, E-TOTAL COST, SPANNING TREE). Similarly,
givenanodeweightedgraph , anintegerfunction specifyingtheupperboundonthedegree
of eachnodeanda setof terminals , the (N-DEGREE, N-TOTAL-COST, STEINER TREE) problem
isto nd aminimum-costree spanninghenodesin  suchthatthenodesin  obey the degree
constraintsProblemsn whichthedesirechetwork is ageneralizeteinerforestor agraphspeci ed
by a proper0-1 functioncanbeformulatedalongsimilar lines.

Someof the problemsconsideredn this paperalsoinvolve the maximumcostof arny edgein
thenetwork, i.e., thebottleneckcost,asa minimizationobjective. We useE-BOTTLENECK-COST to
denotethis objectve. For the restof the papey we usetheterm* -boundedhetwork” to meana
network in whichthe degreeof node is at most for all

Most of the dggree-constrainedetwork-designproblemsconsideredn this paperare NP-hard.
In fact, for several problems(e.g. (U-DEGREE, E-TOTAL COST, SPANNING TREE)) we showv
(Theorem?.l) thatit is NP-hardto nd a solutionthatis within ary factor of the optimal objec-
tive value, if the solutionis requiredto satisfy the budgetconstraint;alternatvely, if the solution



mustachiare exactly the minimum value of the total costobjectve, thenit is NP-hardto nd one
which satis esthe budgetwithin ary givenfactor Motivatedby thesehardnessesultsfor unicrite-
rion approximationswe focuson nding bicriteriaapproximationsthatis, ef cient algorithmsthat
guaranteea solutionwhichis approximaten termsof boththe budgetandthe objective function.

An approximationalgorithmfor a genericbicriteria problem is a polynomial-
time algorithmthat producesa solutionin which the objective valuefor is at most timesthe
budgetandthe cost of the solutionwith respectto  is at most timesthe value of an optimal
solution with respectto  that respectghe budgetconstraintwith respectto . Our algorithms
provide bicriteriaapproximationsn the sensedescribedabove for a wide variety of one-connected
network-designproblems.

3 Summary of Results

3.1 HardnessResults

Ourlowerboundresultson nding nearoptimalsolutionsincludethefollowing. Additionalhardness
resultsarediscussedn Section?.

1. For generalgraphsunlessP = NP, for ary , thereis no polynomialtime approxi-
mationalgorithmfor the (U-DEGREE, E-TOTAL COST, SPANNING TREE) problem.

2. For generalgraphsunlessP = NP, for ary , thereis no polynomialtime approxi-
mationalgorithmfor the problem(U-DEGREE, E-TOTAL-COST, STEINER TREE).

3. For generalgraphs,unlessP NP, for ary and , thereis no polynomialtime
-approximatioralgorithmfor the(N-DEGREE, E-TOTAL-COST, STEINER TREE) prob-
lem.
4. For generalgraphs,unlessP NP, for ary and , thereis no polynomialtime

-approximatioralgorithmfor the(N-DEGREE, E-TOTAL-COST, STEINER TREE) prob-
lem. Here is the lower boundon the performanceguaranteef ary algorithmfor nding
minimumSteinertrees(seeChapterl0 of [15] for thebestbounds).Thisresultis animmediate
corollaryof hardnessesultsfor the minimum Steinertreeproblem.

Thesehardnesgesultsmotivate the needfor bicriteria ratherthan unicriterion approximation
algorithmsfor theseproblems.

3.2 Approximation Algorithms

A problemwith costson nodesaswell asedgesanbetransformedfor the purpose®f designingap-
proximationalgorithms)into onewith only nodecostsasfollows: subdvide eachedgeby introducing
anew nodewith costequalto the costof theedge. Thereforejn statingour approximatiorresults,
we focuson the node-weighteatase.To keepthe descriptionof our mainresultsimple,we present

5This transformatioris not applicableto minimum costspanningreesfor which the nodeweightedcaseis trivial.



below the resultfor the caseof degree-constrainedode-weightedsteinertrees. The extensionof
thistheorento moregeneraklasse®f one-connectedetworksrepresentablascut-corersof proper
functionsis deferredo Section5.7.

Theorem 3.1 Thee is a polynomial-timealgorithmthat, givenan undirectedgraph  on  nodes
with nonngativecostsonits nodesasubsebf nodescalledterminals,andadegreebound

for everynode , constructsa Steinertree spanningall the terminals,with degree at
a node and of cost timesthat of the minimum-cosSteinertree of  that spansall the
terminalsand obgysall thedegreebounds.

A proof of this theoremis providedin Section5. The positive resultpresentedn this theorem

shouldbe contrastedvith the hardnessesultsmentionedearlierstatingthatthereis no or
(for ary andsome ) approximatioralgorithmfor the (N-DEGREE, E-TOTAL-

CosrT, STEINER TREE) problemunlessP = NP. Combiningthe abore obserationswe get that
nding anapproximatioralgorithmwith performanceyuarantee , is NP-hard.Notethat
the performanceguarante®n the node-costn theabove theoremcannotbe asymptoticallyimproved
(evenif theotherperformanceatiois arbitrarily wealened)sinceoneof the problemsncludedin the
framavork of Theorem3.1is the node-weightedbteinertree problemconsideredy Klein andRavi
in [18]. By areductionfrom thesetcover problemandthe known non-approximabilityresultsfor the
latter problem,they notethatthe bestpossibleperformanceatio achiezable for this problem(even
withoutthedegreerestrictionamposedn Theoren3.1)is logarithmicunlessP = NP [20, 3, 27]. As
animmediatecorollary of Theorem3.1, we obtainan approximatioralgorithm
for the (U-DEGREE, E-TOTAL COST, SPANNING TREE) problemintroducedearlier

In Section6, we addresghe specialcasein which the edgecostsobey triangleinequality and
presenssimpleapproximatioralgorithmswith betterperformanceguaranteeskurther for the prob-
lem of constructingspanningnetworksin this specialcasewe shav thatour algorithmsalsosimulta-
neouslyapproximateyet anotherbjective, namelythe maximumcostof arny edgein the network.

4 RelatedWork

Much work hasbeendoneon approximatingeachof the two costmeasureshat we simultaneously
minimize (see[4, 5] andthereferencesherein).We alsoreferthe readerto the comprehense book
editedby Hochbauni15] for recentresultsandtechniquedor solvingtheseproblems.
Therehasalso beenextensve work on bicriteria network designproblems. The (U-DEGREE,
E-TotaL CosT, SPANNING TREE) problem,originally posedandstudiedin [8], hasbeenrecently
consideredn Boldon,DeoandKumar[4]. They presenheuristicsandtheir parallelimplementations
but do not provide worst caseperformanceguaranteesPapadimitriouand Vazirani[23] studiedthe
Euclideanversionof this problemfor the casewhen . MonmaandSuri[22] shavedthatfor
ary setof pointsin the plane,a minimum spanningtree with canbe constructecef ciently .
Khuller, Raghaachariand Young[17] gave approximatioralgorithmswith performanceguarantees
of 3/2and5/4 for and respectirely for pointsin the plane. They alsopresentecnap-
proximationalgorithmwith a performanceguaranteef 5/3 for pointsetsin higherdimensionsvhen

4



. lwainslky etal. [16] formulateda versionof the minimum-costSteinerproblemwith anad-
ditional costbasedon node-dgrees.Duin andVolgenan{9] formulatedthe degree-bounde&teiner
treeproblemmotivatedby practicalconsiderationsin otherrelatedwork, Fischel{11] consideredhe
problemof nding a MST of minimum possiblemaximumdegreein a weightedundirectedgraph.
He shaved thatthe techniqguef FurerandRagh&achari[12] canbe appliedto nd a MST of ap-
proximatelyminimumdegree.

In [25], we presentectarly versionsof the resultsin this papergiving speci ¢ algorithmsfor the
edge-costersions,and using a simpler versionof the techniquedn this paperto give resultsfor
the uniform degreenode-weightedrersions. Building on our work there,in [21], we studiedother
bicriteria network designproblems. Therewe also presenteda polynomial-timealgorithmfor the
(U-DEGREE, E-TOTAL COST, SPANNING TREE) problemwheninputsarerestrictedto treawidth-
boundedgraphs.In [24], Ravi hasappliedsomeof the ideashereto solve a bicriteria problemthat
formsthebasisfor nding anapproximatelyminimumbroadcast-timechemen anarbitrarygraph.

5 Degree-ConstrainedNode-Weighted Steiner Trees

In this section,we presenbur algorithmin detail for the degree-constrainedode-weightedsteiner
treeproblem.In Section5.7,we brie y indicatehow thealgorithmcanbe extendedto accommodate
moregenerakonnectiity speci cations.

Recallthat,asinputto the problem,we aregivenanundirectedyraph , With nonngative
costsonthe nodesanda setof terminalsto be connectedogetheiinto a Steinertree. In addition,for
eachvertex , abudget onits degreein the Steinenreeis speci ed. Thegoalisto nd a Steiner
tree of minimum nodecostthat obeys the degreeconstraintat every node. Thereareno edgecosts
in this versionsincethe problemwith nodeand edgecostscan be transformednto oneinvolving
just nodecosts(seeSection3.2). We shallassumdor the sale of simplicity that sucha Steinertree
alwaysexistsontheinputgraphandaddresshe problemof computingonethatapproximatelyobeys
the degreebudgetsaswell asminimizesthe total nodecost. In the descriptionof the algorithmand
its analysiswe use to denotethe costof anode . We omitthesubscript whenthereis
no ambiguity

5.1 High Level Description

Thealgorithmmaintainsaset of nodesandaset of edges.nitially containsall theterminals

and isempty Duringthecourseof thealgorithm,theconnectedomponentsf thegraph are

node-disjointreeswhoseunion containsall the terminals.De ne a connectedcomponenbf

to be activeif it containsat leastoneterminalbut not all of the terminals. The algorithmworksin
iterations. In eachiteration,we run a greedyalgorithmto choosea subgraph(a collection

of mary smallersubgraphgalledspides) of smalldegreeandsmallnode-cossuchthattheaddition

of this subgraphto the currentsolutionreducegshe numberof connecteccomponent®f by a
constanfactor
We rst de ne afew additionaltermsusedin describingour algorithm. We use to denote

theminimumcostof ary Steinertreethatobeys thedegreerestrictionsin theinput.
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ALGORITHM-DEGREE-STEINER:

Input: An undirectedgraph with nonngative costson its nodes,a set of
terminals(where ), andafunction assigninghonngative values(eachvalueis at least
two) tothenodesof . Let .

Output: A Steinertree  spanningthe terminals suchthat the degree of ary node in

is at mostis andthe costof is at most timesthat of a minimum-cost
degree-constraine8teinertreespanningheterminals .

1 Initialization: and

2 Repeatwhile thereareactve componentsn

Let bethesetof active componentsf . Let where
Set .
4 While and do
5 Constructanauxiliary graph  asfollows: Startingwith deletethenodes
in togetagraph on . Foreverycomponensurviving (asactve)in
contractall nodeswithin thiscomponenbccurringin  to asinglesupernode.
6 For every node , consider asthecenterof aspider
7 If isinasupernod®f ,thenuncontract from thissupernodendattacha
zero-costdgebetweerthem;if nonodesrom  remainin thesupernodeafter
uncontracting , thenadda nev dummysupernodéo  representingheactive
componentontaining andazero-cosedgeto it from
8 For to do Findaminimum-costspidercenteredat in  with
supernodeasits feetusing PROCEDURE-FIND-SPIDER.
9 Among all the spidersproducedn Step6, chooseoneof minimum ratio-cost,de-
ned astheratio of the costof all therealnodesin the spiderto the numberof feet
in it.
10 Let bethecentemodeand bethecomponentsn choserasthefeet
of the spiderin Step9. Let be the legs of the spiderconnecting to
respectiely. Add to the currentsolution soasto memge
into oneactive componentUpdate .
11 For every node , if the dggree of this nodeusing edgesaddedso far in
this iteration (Steps5 through11) is between and , thenupdate
12 If then
13 Repeatwhile thereareactve components
14 RunStepss to 10.
15 Set .
16 elseGotoStep2. (  is now lessthan—.)
17 Output asthesolution.




De nition 5.1 [18]

A spideris a treewith at mostone nodeof dggree greaterthantwo. A centerof a spideris a node
fromwhich there are node-disjoinfpaths(calledlegs) to theleavesof the spider Notethatif a spider
hasat leastthreeleavesits centeris unique Theleavesof the spiderare also calledthe feetof the
spider A nontrivial spideris onewith at leasttwo feet.

5.2 The Algorithm and its Performance Guarantee

Therestof Section5 is devotedto describingthe algorithmandits performancdor approximately
solvingthe (N-DEGREE, E-TOTAL-COST, STEINER TREE). ALGORITHM-DEGREE-STEINER gives
the detailsof theentirealgorithm.

5.3 A Procedureto Find Minimum Ratio Spiders

The heartof ALGORITHM-DEGREE-STEINER is Step8 — a procedurethat choosesa nontriial
spiderof minimum “ratio-cost”. We describethis procedureinformally. Considera genericstep
of ALGORITHM-DEGREE-STEINER (Step4). Obsere thatwe maintaina currentgraph  andthe
currentpartial solution . Lettheconnectedcomponent®f bedenotedoy
The spiderwe useto melgethesecomponentsnusthave arealnodeof  asthe centerandsomeof
thesecomponentsisits feet. During the courseof aniteration,we maydeleteanode from if the
degreeof duetotheadditionof edgesn thegenericstepis between and ; i.e.,aconstant
factorof the degreeboundfor . We mustthenchoosean thecurrentgraph  a spiderof minimum
ratio-costnamelytheratio of the costof all the nodesof in thespiderandthe numberof feet
of thespider

Althoughthe conceptof a spideris similar to the oneusedin [18], the degreeconstraintmakes
the problemof nding a“good spider”harder As a result,the proceduren [18] for nding spiders
cannotbeusedin placeof PROCEDURE-FIND-SPIDER describedelow.

We nd aspiderof minimumratio-costby usingseveral callsto a minimum-costo w algorithm
ontheauxiliarygraph . Wedescribehow to nd aminimumratio spidercenteredcataspeci ¢c node

, the currentgraph. By trying all nodeswe canchoosehe overall minimumratio spider To

nd aminimumratio spidercenteredat , it sufces to nd aspidercenterecat containingexactly
feetsuchthatit hasminimumtotal nodecost.By trying all valuesof in theset ,
we can nd the valueof minimizing the ratio costof the resultingspiderfor . PROCEDURE-
FIND-SPIDER givenbelov describesmethodto nd aminimumnode-cosspidercenteredat with
exactly feet.



PROCEDURE-FIND-SPIDER:

Input: An undirectedgraph containingrealnodesandsupernodesarealnode asthecenter
andanumber specifyingthenumberof feetin thespiderto be constructed.

Output: A minimum-costspidercenteredcat with feetthataresupernodes.

1 Bi-direct all the undirectededgesn  giving eachresultingarcthe costof the nodeat its
tail. (Supernodebave zerocost.)

2 Reassignhe costof all thearcsleaving thecentemode tobe —.
3 Attachanew sinknode with new arcsof zero-costomingto it from all thesupernodes.

4 In this digraph,imposea capacityboundof oneunitonall nodesexcept and andnd a
minimum-costo w of value from to

Remarks:

1. Thesolutionto theabore o w problem(whenfeasible)canbefoundin polynomialtime andis
integral (see[2] or Chaptet4 of [6]).

2. Sucha o w givesaminimum-cossetof hode-disjoinpathsoriginatingat andendingataset
of supernodes.

3. Thecostof realnodesin  otherthan thatoccurin o w pathsareaccountedor in the cost
of thearcsleaving them.Node hasexactly arcsleaving it in the o w solution,eachof cost
— for atotal of . Thus,thetotal costof the o w solutionis equalto thecostof all thereal
nodesn thespiderthatarenotin any componenbf

4. The setof edgedn the solutionto the o w problemcontainsno cycles. Consequentiythe set
of undirectededgesrom the original graphthat correspondo these o w paths(i.e., ignoring
thearcsinto ) containnocycles.

We now prove the claimedperformanceguaranteaf the algorithm. For easeof expositionthe
proofis brokendown into a sequencef lemmasandtheorems.

Proposition 5.2 Thenumberofiterationsof Step2 in thealgorithmis whee isthenumber
of terminals.

Theabove propositionfollows by observinghatin eachiterationof Step4, we reducghenumber
of actve componentdy a constanfactor We startwith componentsandthe lastiterationrunsto
completionwhenthis numberdropsto 6 or below.

Proposition 5.3 For ead node , theincreasein thedegreeof in dueto edgesaddedin one
iteration of Step2 is at most



Proof. Consideranode and x aniteration (Step4). If degreeof exceeds usingedgesn
thisiteration,thenit is deletedfrom furtherconsideratiorin Step11 andno moreedgesareaddedn
thisiterationthatareadjacento it. Furthermorejn Step8 theincreasedn degreeof s either(i) at
most if it is the centerof the choserspideror (i) atmost whichis in turn at most if
it is a non-centenodeof the choserspider(sincefor all ). Thus,if thedegreeof isno
lessthan to begin with, it never exceeds afterexecutingStep8. In thelastiteration,we
meige at most6 componentsisinganacyclic setof edges.Thus,thedegreeof increasedy atmost
, sincefor all , .0

CombiningPropositions.2 and5.3 immediatelyleadsto the performanceguaranteen the de-
greeof anodein the nal solution.We now boundthetotal costof thesubgrapladdedn oneiteration.
Lemmab.4 alongwith Propositions.2 yield the requiredperformanceguaranteen the total costof
the nal solution,completingthe entireproof.

Lemma 5.4 Thecostof the setof nodesaddedto the solutionin ead iteration of Step2 is at most

Firstwe completethe proofwith regardto thethecostaddedn thelastiteration.Recallthatatthe
baginning of the lastiteration,the numberof actve componentss at most6. For this iteration,our
algorithmreducedo thatof Klein andRavi [18] for node-weightedbteinertrees. Henceusingtheir
resultwith the numberof “terminals”to be connectedeingat most , the costof the nodesaddeds
atmost .

The proof of thelemmafor theremainingiterationsis moreinvolved andis describedn Sections
5.4through5.6. Theproofproceeddy derving adecompositiorf anoptimalsolutionandusingit as
awitnessto theperformancef thealgorithmin eachteration.In particular we usethedecomposition
to prove an averaginglemmaandusethis in conjunctionwith a potentialfunction agumentdueto
LeightonandRao[19] to prove Lemmab.4. We begin by proving a boundon thetotal degreeof all
thenodeghataredeletedrom in ary iteration.

5.4 Bounding the Total Degreeof DeletedNodes

Fix aniteration . Lettheactive componentén thebeginningof thisiteration be . At
the beaginning of this iteration,we initialize the graph . During the courseof this iteration,
we maydeletenodesrom  in Step11.

Lemma 5.5 In ead iteration of Step2 of thealgorithm,thesumofthedegreesof all thenodegdeleted
from dueto edgsaddedin thisiterationis at most .

Theproofreliesonthefollowing obserations.
1. Thesubgraptaddedn agiveniterationis agyclic.

2. The iterationterminateswhen at most — of the active componentsare meiged using edges
addedn agiveniteration.



Using theseobserationswe canshav that a large fraction of the degreeof the deletednodescon-
tributesto megingthe active componentsThisimpliesanupperboundon the sumof thedegrees.
Proof: Let bethenumberof componentshatweremeigedin thisiteration.Notethat —. We
canassumavithoutlossof generalitythatthe componentsiremeigedinto asinglecomponent(It
is easyto seethatin othercasesve obtainbetterbounds.)

Let denotethe agyclic subgraphaddedto megethe  components.By the working of the
algorithm,theleavesof  arepreciselythe componentshat weremeiged. By our assumption,

forall . Thus,all verticesof degree2in  donot contritute to the degreesumof deleted

nodes. Hencewe modify  to obtain  asfollows: We contractall simple pathsin which each
internalnodehasdegree2 into a singleedge.Now eachinternalnodein  hasa degreeof atleast3.
Let denoteheinternalnodesof . Notethatsomeof thesenodesmightnot
have beendeleted.Let : denotethedegreeof  in . We now prove a stronger
statemenandshawv that

)
Notethat . Thus . Butsince isatreeweknow thatthenumber
of edges is givenby . Thus
2
implying that . Thisgivesanupperboundon thetotal numberof internalnodesn
3

Combiningthis with theupperboundon  we get

proving Equation(1). O

5.5 Spider Decompositionsand an Averaging Lemma

We employ the notion of spiderdecompositionintroducedby Klein andRavi [18] in shawing that
theeachnodechoserin Step9 hassmallratio-costwith respecto the optimalsolution.

Let beagraph,andlet beasubsebdf its nodes.A spiderdecompositiorf in isaset
of node-disjointnontrivial spidersin  suchthatthe union of the feetandthe centersof the spiders
in thedecompositiorcontains

Theorem5.6([18]) Let beaconnectedjraph,andlet bea subsebfits nodessud that
. Then containsa spiderdecompositiof . O

Let beanodechosenn Step9 of thealgorithm. Let denotethe costof the subgrapradded
subsequentlyn Stepl0. Let this subgrapimeige trees.We prove thefollowing claim.
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Claim 5.7
— )

Proof: Let  beaminimum-costdegree-bounde&teinernreeof cost . Let bethe
active componentsvhena spidercenterecat node waschoserby the algorithm. Let bethe
graphobtainedfrom by contractingeach to a supernodef zerocost. is connectedand
containsall supernodesWe thenremore edgedrom soasto malke it agyclic; thus isa
tree.

Deleteall edgesincidenton nodesin (the deletednodes)in . Consideranode .
By constructiorof , 'sdegreein (denotedby ) is atmost . Furthermore, is
deletedn ouralgorithmonly if its degree,denotecby , exceeds dueto theedgesaddedn
agiveniterationof Step2. Thuswe have

Combiningtheseobserationswith Lemmab.5, we get

Thus, the total numberof edgesdeletedfrom is alsoat most -. Sincetherewere active
componentgandhencesupernodesyhen waschosenthetree has supernodem it. Since
we deletedat most- edgedrom thistree,atleast - of thesupernodearein subtreesvith atleast
two or moresupernodesSince —, atleast— supernodearein suchtrees.We summarizehis
in thefollowing proposition.

Proposition5.8 Let  denotehesubsebf supernodethatare in subteeswith two or more supern-
odes.Then —. D0

We apply Theoremb5.6 to eachsubtreeof with at leasttwo supernodeso obtaina spider
decompositiorof . We now comparethe ratio costof spiderchosenby the algorithmwith that
of eachspiderin the decomposition.To do this however, we must ensurethat the following two
conditionshold.

() thecenterof eachspiderin thedecompositioimmustbe a realnode(nota supernodeand
(i) thenumberof legs of eachspidermustbe at most

We achieve this asfollows. We further partition a spidercenteredat a supernodento mary
nontrivial spiderseachcenteredat arealnode containedn this supernodesuchthatthe union of
their feetcontainghefeetof the original spidersandthe numberof legs of the spidercenterecat is
atmost . Todothis, rst considenrall therealnodesn the centralsupernodavith atleastone
leg of the spiderincidenton them. Eachsuchrealnodecanbe madethe centerof a nontrivial spider
(satisfying(i)) with all thelegsincidentonit asthelegsof thespider alongwith azerocostleg to the
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supernodehatit belongsto. Sincethe degreeof ary realnodein is atmost , the numberof
legsof ary suchspideris atmost satisfying(ii).

Let thecenterof theresultingspiderdecompositiorsatisfying(i) and(ii) bethesetof realnodes

. Let denotehenumberof nodesof  (feet)in eachof thesespidergespectiely.

Sinceevery spiderin thedecompositiolis nontrivial andis dervedasabove,each isatleastwo and
atmost . Moreover, aspiderwith center inducesasubsebf thecurrentactve components,
namelythe componentsvhosesupernodebelongto this spider Let thecostof thespidercentered
at (i.e.,costof plusthesumof the node-cost®f thepathsfrom tothe components-if
is alreadyin a supernodewe mayassumaets costto be zerosinceit hasalreadybeenpaidfor in the
formationof thesupernodepe . Thentheratio costof thespidercenterecat  in theauxiliary
graph constructedn thisloopis atmost——.

Sincethe algorithmchooses spiderof minimumratio-costin , for eachspiderin thedecom-
positionwe have ——  —. Summingover all the spidersin thedecompositioryields

— (6)

CombiningPropositions.8 with the obseration thatthe unionof the feetof the spiderscontains
we get

— (6)

Also notethat

()

since(i) the costof the nodesin the tree is at most and (i) eachrealnodein
appearsn atmostonespider CombiningEquationg5), (6) and(7) yieldsClaim5.7. O

5.6 A Potential Function Argument

Now we arereadyto completethe proof of Lemmab.4. Fix aniteration andlet the setof nodes
choserin Step9 of thealgorithmin thisiterationbe in theorderin whichthey werechosen.

Let denotethe numberof actve componentsn the solutionafter choosingvertex in this
iteration. Thus, for instance, , the numberof actve componentsat the beginning of this
iterationin , — and —. Letthenumberof treesmegedusingvertex  be
Thenwe have

(8)

Let denotethecostof thesubgraptaddedoy thealgorithmin thestepwhenvertex  waschosen.
Thenby Claim5.7,we have

— — 9)
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We now useananalysigechniquedueto LeightonandRao[19] to completethe proofasin [18].

SubstitutingEquation(9) into (8) andsimplifying using gives
— (10)
Simplifying (10), we obtain
Taking naturallogarithmson both sidesandsimplifying usingthe approximation , we
obtain
Notethat and — andsowe have
— (11)

Notethatthe costof the nodesaddedn thisiterationis exactly thesum
To completetheproof,we boundthe costof the subgraptassociateavith  , thelastnodechosen
in thisiteration.Using Claim 5.7 andnotingthat we have

Usingtheabove equationand(11), we have thatthe costof the setof nodesaddedn thisiterationis

This completeghe proof of Lemmab.4.
The performancef our approximatioralgorithmwassummarizedn Theorem3.1.

5.7 Extensionto Proper Function Cut Covers

Theextensionof Theoren.1to constructut-corersde ned by proper0-1functionsis fairly straight-
forward, andthe algorithmfor this casefollows the sameoutline asthe oneabore. The readeris
referredto [14, 15] for the de nition of proper0-1 functions. The algorithmbegins with the set
beingthe setof terminalsde ned by the properfunction. Thede nition of actve componentsn the
algorithmis now basedonthe -valuesgivento cutsby theinput properfunction. In otherwords,a
componentis deemedactive if the cutaroundit is. Note thatwhenall componentsreinactve, the
setof edgesaddedby thealgorithmuntil thenconstitutesa feasiblecut-cover.

Theonly additionalissueis thatin the proof of theupperboundon thecostof the subgraptadded
in eachiteration, the optimal solutionis a forestinsteadof a singletree. However, asin [18], we
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canusethefactthateachtreein the forestmustcontainat leasttwo active componentgo infer that
thisforestcontainsatleastasmary edgesashalf the numberof active componentsThis obseration
is sufcient to prove a modi ed versionof Claim 5.7 with slightly worseconstants.The detailsare
straightforvard andomittedto avoid repetition. Thuswe have thefollowing theorem.

Theorem 5.9 Theke is a polynomial-timealgorithmthat, givenan undirectedgraph  with nonng-
ative costson its nodes,a proper function de ned on the nodesubsetsf , and a function
assigninga nonngativevalue toeadh node of |, constructsa cut-corerfor thefamily of
cutsde nedby in which themaximundegreeof anynode is at most andthecostof
the cover is at most timesthat of the “minimum-costdegree-constined cut cover” for
Here representshenumberofterminalsde nedby . A degree-constinedcutcoveris a subgaph
whidh covers (i.e., containsat leastoneedge in) all thecutsde nedby andhasdegreeat most
atnode ,forall .D

6 Algorithms Under Triangle Inequality

Oneway to circument the dif culty of approximatingthe problemsstudiedis to considermore
structuredcostfunctionson the edges. In this direction, we turn to the casewherethe underlying
graphis assumedo be completewith costsonly on the edgesand thesecostsobey the triangle
inequality De ne the bottlenek costof a network to be the maximumcostof ary edgein it. In this
casewe presenfapproximatioralgorithmsthat strictly conformto the degreerestrictionin the input
problemandapproximatehebottleneckcostof theoutputnetwork aswell. Mostof theresultsin this
sectionarestraightforvard andwe discusst herefor the sale of completeness.

6.1 Resultsfor SpanningTrees

Proposition6.1

1. Theeis a polynomialtime approximationalgorithmfor (N-DEGREE, E-TOTAL COST, SPAN-
NING TREE) problemrestrictedto edge-weightedgraphsthat satisfytriangle inequality Its

performanceguaranteeis —— . Moreover, the bottlenek costof thetreepro-
ducedby ALGORITHM-TI-SPANNING-TREE is at mosttwice that of the minimum-bottlendc
spanningree Here denoteghesmallesidegreeconstaint.

2. Theeis a polynomial-timealgorithmthat, givena undirectedgraphwith edge costssatisfying
thetriangle inequality outputsa TSPtour of total costat mosttwo timesthe costof a MSTand
of bottlenek costat mostthreetimesthat of a minimumbottlenek-costspanningree

Proof: First we sketchthe proof of Part 1. The algorithm startsby constructingan MST. It then
partitionsthe edgesof the MST into claws and sortsthe edgesin every claw in the order of non-
decreasingost.Eachclaw is short-cutocally by replacingedgedrom theinternalnodeto its children
(exceptthevery rst child) with edgesdetweerconsecutie children.Let  denotetheresultingtree.
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To prove the rst partof thepropositionfor ary set  of edgeslet denotethe sumof the
costsof all theedgesn . We have thefollowing relations.

is notaleaf of the MST

For aninternalnode , let denotethenumberof childrenof in therootedMST. For thesolution
, we have

is notaleafof the MST

By triangleinequalityon thecosts , we have

Thelastinequalityfollows from the way we orderedthe edgesn eachclaw in non-decreasingrder
of costs. Puttingthe above threeequationgogether we getthe following boundon the costof the
outputtree

Sincethecostof ary -boundedspanningreeis atleastasmuchasthatof the MST, this givesthe
boundon the costof thetreeoutputby thealgorithm.

We now completeproofby proving the boundof two onthebottleneckcost. It is well known that
anMST is alsoanoptimumbottleneckspanningree. Sinceeachshort-cutusedin forming the output
tree is madeup of at mosttwo edgesthe bottleneckcostof is at mosttwice that of the MST.
Sincethebottleneckcostof ary -boundedspanningreeis atleastasmuchasthatof the bottleneck
spanningree,theresultingtreehasbottleneckcostat mosttwice the optimum.

Part 2 of the propositionfollows from standardconstructionsasedon a recursive short-cutting
proceduraisingedgedrom the cubeof the Minimum Spanninglree. Thisis alsohintedatin [7] (see
problem37.2-3on page975).

d

6.2 Extensionto Higher Connectuities

Now we arereadyto prove our resultfor networkswith higherconnectiities. Theresultis provedby
usingshort-cutghatinducehigherconnectedyraphs.

Theorem 6.2 Theke is a polynomial-timealgorithmthat, givenan undirectedgraph with edg costs
satisfyingthetriangle inequality andaninteger (thevertex-connectivig requirment) outputs
a -connectedpanningsubgaphof in which the dggreeof everynodeis exactly , thetotal cost
of all theedgesin the subgaphis at most— timesthat of a minimum-cost -connectedubgaph,
and the bottlenek costof the subgaph is at most - timesthat of a minimumbottlenek-cost
spanningree
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Proof: Let and denotethecostof anMST andthe optimumbottleneckcostof a spanningree
of theinputgraph.By Proposition6.1, we canobtaina TSPtour of cost andbottleneckcost
suchthat and . Lettheverticesin thistour benumbered
Now, we addextra edgedo this cycle asfollows: For every node,addedgegoining it to verticesto
its left in the cycle thatarewithin - edgedrom it andall verticesto its right in the cycle thatare
within - edgedromit. It is not hardto seethatthis graphis -vertex-connectedby shawving -
disjoint pathsbetweerary pair of nodesgoing clockwisein the cycle andanother - disjoint paths
going counterclockwise). The degreeof every nodein this graphis exactly . Sinceeachshortcut
emplo/edreplacespathof atmost - edgesthebottleneckcostgoesup by thisfactor This proves
thatthe bottleneckcostof this subgraphis within - of optimal.

The total costof the graphobtainedthis way canbe computedby boundinghov mary newly
addededgescontaina givenedgein the TSPtour within their spanof - or less.We cancomputethis
for anedge by countingall the addededgeghatoriginateat or to theleft of it andendat or
to its right. Thenumberof suchedgesoriginatingat is - , andthenumberoriginatingatthenode
before crossingover is - andsoon, giving a total of at most . Thusthetotal
costof thisgraphis at most timesthatof the TSPtour thatwe startedwith. Thisin turn
is atmost . However, we canapplyanapproximatenin-maxrelationbetweera MST
anda packingof cutsin thegraphthatis derivedin [1, 14] in proving a betterperformanceyuarantee
of — for thetotal cost.

In particular if denotesthe cost of a minimum -connectedsubgraph,we shav that

—. Thiswould prove thatthe costof the -connectedgubgraptoutputby our algorithmis
atmost — asclaimedin Theoremg.2.

It remainsto prove that —. We do this in the remainderof this section. Beforethat
we needsomede nitions. Givena graph , recallthatanedgecutin the graphcanbe written as

, Where is anodesubsebf thegraph,and denoteghe setof edgeswith exactly one
endpointin . A fractionalpackingof cutsis afamily of cuts , together
with arationalweightfor eachcut. A (fractional) -pading of cutsis a weightedcollectionof cuts
thathave thefollowing property:for eachedge of cost , the sumof the weightsof all
the cutsin this collectioncontainingthe edgeis at most . Thevalueofthepadkingis thesum
of the weightsof all the cutsin the packing. A maximumpading is one of maximumvalue. The
following theoremis a consequencef theresultsin [1, 14].

Theorem 6.3 Givenan undirectedgraph with edge-weights,a minimum-weighspanningtree has
weightat mosttwice the valueof a maximunpading of cuts.O

The algorithmsin [1, 14] nd a greedypackingof cuts and simultaneouslhybuild a minimum
spanningreeof weightat mosttwice the valueof this packing.

Notethatary -connectedspanningsubgraphmusthave atleast edgescrossingary cutsince
this subgrapthas disjoint connectiondetweerevery pair of vertices. Thuswe have the following
lemma.

Lemma 6.4 Theweightof any -connectedsubgaphis at least timesas mud asthe valueof a
maximurnpadking of cuts.
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Applying theabore lemmato the optimum -connectedubgraplof cost andcombiningwith
Theorem6.3above we concludethat —. 0

7 HardnessResults

In this section,we prove hardnessesultsthat motivatethe needfor bicriteriaapproximationsather
thanapproximatingonly oneobjective while strictly obeying the budgeton the other We rst prove
theresultsfor spanningreesandthenstrengtherheresultsfor Steinertrees.

7.1 HardnessResultsfor Spanning TreeProblems

Theorem7.1 1. UnlessP = NP, for any , thereis no polynomialtime approximation
algorithmfor the problem(U-DEGREE, E-TOTAL COST, SPANNING TREE).

2. UnlessP = NP, for any , there is no polynomialtime appoximationalgorithmfor
the problem(U-DEGREE, E-BOTTLENECK-COST, SPANNING TREE).

3. UnlessP = NP, for any , thereis no polynomialtime approximationalgorithm
for the problem (U-DEGREE, E-BOTTLENECK-COST, SPANNING TREE), evenwhenedge
weightssatisfytriangle inequality

Proof: The NP-hardnes®f (U-DEGREE, E-TOTAL COST, SPANNING TREE) and(U-DEGREE, E-
BOTTLENECK-COST, SPANNING TREE), follows via a straightforvard reductionfrom the HAMIL-
TONIAN PATH problemin which we adda the right numberof distinctleavesto eachnodeof the
original graph.

To prove thethird part,we usethe costassignmenasin the rst partof the proofthatobeys the
triangleinequality Underthis assignmentthe maximumcostof ary edgein ary -boundedspanning
tree of the resultinggraphis at mostoneif the original graphis Hamiltonianandis at leasttwo
otherwise Henceanapproximatioralgorithmwith performanceatio lessthantwo in this casewould
be ableto recognizeHamiltoniangraphs.This completeghe proof of Theorem7.1. O

7.2 HardnessResultsfor Steiner TreeProblems

Sincea spanningreeis a specialcaseof a Steinertree, it follows from Part 1 of Theorem?7.1 that
unlessP = NP, thereis no polynomialtime or approximationalgorithm for the (U-
DEGREE, E-TOTAL-COST, STEINER TREE) problemfor ary . Furthermoresincethe problem
of computinga Steinertree of minimum total edgeweight (even without arny degreeconstraintson
nodes)is NP-hard,it follows thatunlessP = NP, thereis no polynomialtime approximation
algorithmfor the (U-DEGREE, E-TOTAL-COST, STEINER TREE) problemfor ary

Thesehardnessesultsrequireeitherthe budgetto be satis ed exactly or the costof the network
to be optimal. We now presenta resultwhich pointsout the dif culty of solvingthe Steinerversion
of the non-uniformdegree boundedproblemwithin constantfactors. This resultis obtainedby a
reductionfrom the SET CoVER problem.Recently AroraandSudan3], andindependenthRazand
Safra[27] have shavn thefollowing non-approximabilityresultfor MIN SET COVER.
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Theorem7.2 UnlessP NP, the MIN SET CoVER problem,with a univese of size , cannotbe
appioximatedto betterthana factor O

Theorem 7.3 UnlessP NP, for any , there is no polynomialtime -appoximation
algorithmfor the non-uniformdegree-bounde&teinertreeproblem.

Proof: Supposehereis a polynomialtime -approximatioralgorithmA for the problem.We
will shaw thatA canbeusedto obtaina polynomialtime 2-approximatiorfor the MIN SET COVER.
In view of Theorem?.2,therequiredresultwould follow.

Givenaninstanceof MIN SET COVER, we constructhe naturalbipartitegraphwith onepartition
for setnodes(denotecby , , , ) andthe otherfor elementnodes(denotecby , ,

), andedgesepresentinglemeninclusionin thesets.To this bipartitegraph we addan“enforcer”
node(denotedoy ) whichis adjacento eachof thesetnodes.Let denotetheresultingbipartite
graph.Theset of terminalsfor the Steinertreeinstancds givenby .

In this way, we createa sequencef instance®f the problem(N-DEGREE, E-TOTAL-COST,
STEINER TREE). In all theseinstancesthe degreeboundfor eachelementnodeis choseras1 and
the degreeboundfor eachsetnodeis chosenas . For the instanceof the (N-DEGREE,
E-ToTAL-CosT, STEINER TREE) problem,the degreeboundon the enforcernodeis chosenas
( ).

Supposehereis an optimal solution consistingof setsto the MIN
SET COVER instance.Thenthe Steinertree in  consistingof , theedges , ,
andoneedgefrom eachelementodeto somesetnodein  satis esall thedegreeconstraintsThe
costof isequalto

Supposewe run the approximationalgorithm A successkely oninstancesdl, 2, , of the
(N-DEGREE, E-TOTAL-COST, STEINER TREE) problem.NotethatA mayfail to producea Steiner
treeon someof theseinstancesincetheremay be no Steinertree satisfyingthe degreeconstraints,
even after allowing for degreeviolations by a factor of . We stopassoonasA producesa
solution. We now arguethatfrom this solution,we canobtaina 2-approximatesolutionto the MIN
SET COVER instance.To seethis, notethatwhenwe run A oninstance , A mustproducea Steiner
tree , sinceasarguedabove,thereis afeasiblesolutionto instance . Sincethedegreerequirement
for eachelementnodeis 1 andthe violation factoris lessthan2, the degreeof eachelementodein

is 1. Similarly, the degreeof theenforcemode in islessthan . Thesetnodesadjacento
mustcover all the elementnodessincethe degreeof eachelementodeis 1. We thushave a solution
of sizeatmost for MIN SET CoVER andthis completeghe proof. O

Corollary 7.4 UnlessP NP, for any and , there is no polynomialtime -
appioximationalgorithmfor the (N-DEGREE, E-TOTAL-COST, STEINER TREE) problem.O

8 Concluding Remarks

We have introducedbicriteria approximationalgorithmsfor degree-constrainechinimum-costone-
connectedhetwork problemsthatallow generadegreespeci cationsandnodecosts.Our resultsfor
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bicriteriaproblemscanbeusedio improve previousresultson approximatingertainminimumdegree
network problems. In particular Theorem5.9 implies a polynomial-timeapproximationalgorithm
for a classof minimum-degreeforestproblemsconsideredy Ravi, RaghaachariandKlein [26].
They addresghe problemof nding one-connectedetworksthatare cut-corersof properfunctions
suchthat the maximumdegreeof ary nodein the network is minimum. This is a single criterion

problemwithout the node weight objective. They provide a quasi-polynomial -time)
approximatioralgorithmfor theseproblemsonan -nodegraphthatprovidesa solutionof degreeat
most timesthe minimumwith anadditive errorof , forary . A prototypical

exampleof theone-connectedetwork problemconsideredhn [26] is theminimum-degreegeneralized
Steinerforestproblem:givenanundirectedgraphwith site-pairsof nodes,nd ageneralizedsteiner
forestfor the site-pairsin which the maximumdegreeis minimum. The techniquesn [26] canbe

adaptedo provide polynomial-timeapproximatioralgorithmswith performanceatio for ary

constant (by setting 7). By adirectapplicationof Theorenb.9,animproved(logarithmic)

approximatiorratio canbe achiezedin polynomialtime for this problem.

SubsequentWork

In subsequenwork, we have useda similar framework to devise approximatioralgorithmsfor other
bicriteriaproblems(see[21, 24]). An obvious openproblemresultingfrom this work is to improve
the performanceatiosin all our results;althoughdifferenttechniqueghanthosegiven seemto be
required.In this contet, it would beinterestingo investigatevhetherthe primal-dualmethod[1, 14]
canbe appliedto provide suchbetterguaranteeandalsoprovide a generaframeawvork for bicriteria
network-designproblems.Anotherinterestingquestionis to investigatethe extensionof our work to
higherconnectediegree-constrainedetworks without thetriangleinequality

In otherfollow-up to our work, the specialcaseof the (U-DEGREE, E-TOTAL COST, SPANNING
TREE) problemin the Euclideanplanewasaddresseth [17], andimprovementgo the short-cutting
schemeof Proposition6.1 usingnetwork o w techniquesirepresentedn [10].

Acknowledgments: We thankthe refereefor several valuablesuggestionsWe gratefully acknavl-
edgehelpfulconversationsvith M. X. Goemansk. N. Klein, G.Konjevod, S.Krumke, B. Ragh&achatri,
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