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Abstract

We present polylogarithmic approximations for the RjprecjCmax and Rjprecj
P

j wj Cj problems,
when the precedenceconstraints are \treelik e" - i.e., when the undirected graph underlying the prece-
dencesis a forest. These are the �rst non-trivial generalizations of the job shop scheduling problem
to scheduling with precedenceconstraints that are not just chains. These are also the �rst non-trivial
results for the weighted completion time objective on unrelated machines with precedenceconstraints
of any kind. We obtain improved bounds for the weighted completion time and 
o w time for the caseof
chains with restricted assignment - this generalizesthe job shop problem to these objective functions.
We usethe samelower bound of \congestion+dilation", as in other job shopscheduling approaches(e.g.
[21]). The �rst step in our algorithm for the RjprecjCmax problem with treelike precedencesinvolves
using the algorithm of Lenstra, Shmoys and Tardos [13] to obtain a processorassignment with the
congestion+ dilation value within a constant factor of the optimal. We then show how to generalize
the random delays technique of Leighton, Maggs and Rao [14] to the caseof trees. For the weighted
completion time, we show a certain type of reduction to the makespanproblem, which dovetails well
with the lower bound we employ for the makespanproblem. For the special caseof chains, we show a
dependent rounding technique which leads to improved bounds on the weighted completion time and
new bicriteria bounds for the 
o w time.

1 In tro duction

The most generalscheduling problem involvesunrelated parallel machinesand precedenceconstraints, i.e.,
we are given: (i) a set of n jobs with precedenceconstraints that inducea partial order on the jobs; (ii) a set
of m machines, each of which can processat most one job at any time, and (iii) an arbitrary set of integer
valuesf pi;j g, wherepi;j denotesthe time to processjob j on machine i . Let Cj denote the completion time
of job j . Subject to the above constraints, two commonly studied versionsare (i) minimize the makespan,
or the maximum time any job takes, i.e. maxj f Cj g - this is denoted by RjprecjCmax , and (ii) minimize
the weighted completion time - this is denoted by Rjprecj

P
j wj Cj . Numerous other variants, involving

releasedates or other objectiveshave beenstudied (seee.g. [7]).
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Almost optimal upper and lower bounds are known for the versions of the above problems without
precedenceconstraints (i.e., the RjjCmax and Rjj

P
j wj Cj problems) [3, 13, 22], but very little is known

in the presenceof precedenceconstraints. The only caseof the general RjprecjCmax problem for which
non-trivial approximations are known is the casewhere the precedenceconstraints are chains - this is the
job shop scheduling problem [21], which itself has a long history. The �rst result for job shop scheduling
was the breakthrough work of Leighton et al. [14, 15] for packet scheduling, which implied an O(log n)
approximation for the caseof unit processingcosts. Leighton et al. [14, 15] intro duced the \random
delays" technique, and almost all the results on the job shop scheduling problem are basedon variants of
this technique. The result of [14, 15] wasgeneralizedto non uniform processingcostsby Shmoys et al. [21],
who obtained an approximation factor of O(log (m� ) log(minf m�; pmaxg)=log log(m� )), wherepmax is the
maximum processingtime of any job, and � is the maximum length of any chain in the given precedence
constraints. These bounds were improved by an additional log log(m� ) factor by Goldberg et al. [6];
see[5] for additional relevant work. Shmoys et al. [21] also generalizejob-shop scheduling to DAG-shop
scheduling, wherethe operations of each job form a DAG, instead of a chain, with the additional constraint
that the operations within a job can be done only one at a time. They show how the results for the caseof
a chain extend to this casealso.

The only results known for the caseof arbitrary number of processorswith more general precedence
constraints are for identical parallel machines(denotedby PjprecjCmax ) [7], or for related parallel machines
(denoted by QjprecjCmax ) [4, 2]. The weighted completion time objective has also beenstudied for these
variants [3, 8]. When the number of machines is constant, polynomial time approximation schemesare
known [9, 11]. Note that all of the above discussionrelates to non-preemptive schedules, i.e., once the
processingof a job is started, it cannot be stopped until it is completely processed;preemptive variants of
theseproblems have also beenwell studied (seee.g. [19]).

Far less is known for the weighted completion time objective in the same setting, instead of the
makespan. The known approximations are either for the caseof no precedenceconstraints [22], or for
precedenceconstraints with parallel/related processors[8]. To the best of our knowledge, no non-trivial
bound is known on the weighted completion time on unrelated machines, in the presenceof precedence
constraints of any kind.

Here, motivated by applications such as evaluating large expression-treesand tree-shaped parallel
processes,we consider the special case of the RjprecjCmax and Rjprecj

P
j wj Cj problems, where the

precedencesform a forest, i.e., the undirected graph underlying the precedencesis a forest. Thus, this
naturally generalizesthe job shop scheduling problem, where the precedenceconstraints form a collection
of disjoint directed chains.

Summary of results We present the �rst polynomial time approximation algorithms for the RjprecjCmax

and Rjprecj
P

j wj Cj problems,under \treelik e" precedences.As mentioned earlier, theseare the �rst non-
trivial generalizationsof the job shop scheduling problems to precedenceconstraints which are not chains.
Sincemost of our results hold in the caseswhere the precedencesform a forest (i.e., the undirected graph
underlying the DAG is a forest), we will denote the problems by Rjf orestjCmax , and Rjf orestj

P
j wj Cj ,

respectively, to simplify the description - this generalizesthe notation usedby [10] for the caseof chains.

1. The Rjf orestjCmax problem. We obtain a polylogarithmic approximation for this problem. We
employ the same lower bound used in [14, 21, 6, 5]: LB := maxf Pmax ; � maxg, where Pmax is the
maximum processingtime along any directed path and � max is the maximum processingtime needed
by any machine. Let pmax = maxi;j pi;j be the maximum processing time of any job on any ma-

chine. We obtain an O( log2n
log log n dlog min( pmax ;n )

log log n e) approximation to the Rjf orestjCmax problem. When
the forests are out-trees or in-trees, we show that this polylogarithmic factor can be improved to
O(log n � dlog(minf pmax ; ng)=log logne); for the special caseof unit processingtimes, this actually be-
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comesO(log n). We also show that the lower-bound LB cannot be put to much better use, even in the
caseof trees - for unit processingcosts,we show instanceswhoseoptimal schedule is 
( LB � logn).

Our algorithm for solving Rjf orestjCmax follows the overall approach usedto solve the job shopschedul-
ing problem (see,e.g. [21]) and involves two steps: (1) We show how to compute a processorassignment
within a ( 3+

p
5

2 ){factor of LB , by extending the approach of [13], and, (2) We design a poly-logarithmic
approximation algorithm for the resulting variant of the RjprecjCmax problem with pre-speci�ed processor
assignment, and forest shaped precedences.

We call the variant of the RjprecjCmax problem arising in step (2) above (i.e., when the processor
assignment is pre-speci�ed), the Generalized DAG-Shop Scheduling or the GDSS problem, for brevity.
Note that the job shop scheduling problem is a special caseof GDSS, and this problem is di�eren t from
the Dagshopscheduling problem de�ned by [21].5 Our algorithm for treelike instancesof GDSS is similar
to one used in [14, 21, 6], namely injecting random delays to the start times of the jobs; this allows for
contention resolution. However, unlike [14, 21, 6], it is not adequateto insert random delays only at the
head of the trees - we actually insert random delays throughout the schedule. Our algorithm partitions
the forest into blocks of chains suitably, and the problem restricted to a block of chains is simply a job
shop problem; also, the decomposition guarantees that the solutions to these job shop problems can be
pastedtogether to get a completeschedule- this immediately givesus a reduction from the Rjf orestjCmax

problem to the job shop problem, with the quality depending on the number of blocks. We can remove
a logarithmic factor when the DAG is an in-/out-tree, by a di�eren t analysis, which doesnot reduce this
problem to a collection of job shop problems. As in the original approach of [14], we bound the contention
by a Cherno� bound. However, the events we needto considerare not independent, and we needto exploit
the variant of this bound from [18], that works in the presenceof correlations.

2. The Rjf orestj
P

j wj Cj problem. We show a reduction from Rjprecj
P

j wj Cj to RjprecjCmax of
the following form: if there is a schedule of makespan(Pmax + � max ) � � for the latter, then there is an
O(� )-approximation algorithm for the former. We exploit this, along with the fact that our approximation
guarantee for Rjf orestjCmax is of the form \( Pmax + � max ) times polylog", to get a polylogarithmic
approximation for the Rjf orestj

P
j wj Cj problem. Our reduction is basedon an LP rounding approach,

and reduces the problem to a collection of Rjf orestjCmax problems; we use the result of [13] in this
rounding. The LP we use has exponentially many constraints with a polytime separation oracle, and
works for any set of precedenceconstraints, not just trees. However, the speci�c lower bound we use for
the Rjf orestjCmax problem is crucial, since the overall approximation factor is small only in the cases
where � is small.

3. Minimizing weigh ted completion time and 
o w time on chains. For a variant of the
Rjf orestj

P
j wj Cj problem where (i) the forest is a collection of chains (i.e., the weighted completion time

variant of the job shopscheduling problem), and (ii) for each machine i and operation v, pi;v 2 f pv ; 1g (i.e.,
the restricted-assignmentvariant ), we show a better approximation of O(log n= log logn) to the weighted
completion time. Our result ensuresthat (i) the precedenceconstraints are satis�ed with probability 1,
and (ii) for any (v; t), the probabilit y of scheduling v at time t equals its fractional (LP) value x v;t . This
result also leads to a bicriteria (1 + o(1)){appro ximation for weighted 
o w time variant of this problem,
using O(log n= log logn) copiesof each machine.

Organization. We discuss the algorithms for the Rjf orestjCmax and Rjf orestj
P

j wj Cj problems in
Sections2 and 3, respectively. We discussimproved bounds on the weighted completion time for the case
of chains in Section 4. Becauseof spacelimitations, several proofs and algorithm details are presented in
the Appendix.

5 In the Dagshop problem [21], the input is a collection of DAGs, but in each DAG, at most one operation could be done
at a time.
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2 The Rjf orestjCmax problem

Let x denote any processorassignment, i.e., x i;j is the fraction of job j assignedto machine i . In the
description below, we will use the terms \no de" and \job" interchangably; we will not use the term
\op eration" to refer to nodesof a DAG, becausewe do not have the job shopor dag shop constraints that
at most onenode in a DAG can be processedat a time. As before,Pmax denotesthe maximum processing
time alongany directed path, i,e., Pmax = maxpath Pf

P
j 2 P

P
i x i;j pi;j g. Also, � max denotesthe maximum

load on any machine, i.e., � max = maxi f
P

j x i;j pi;j g. Our algorithm for the Rjprec;F orestjCmax problem
involves the following two steps: Step 1: We �rst construct a processorassignment for which the value
of maxf Pmax ; � maxg is within a constant factor ((3 +

p
5)=2) of the smallest-possible. This is described in

Section 2.1. Step 2: Solve the GDSS problem we get from the previous step to get a schedule of length
polylogarithmically more than maxf Pmax ; � maxg. This is described in Section 2.2.

2.1 Step 1: A pro cessor assignment within a constan t factor of maxf Pmax ; � maxg

We now describe the algorithm for processorassignment, using some of the ideas from [13]. Let T be
our \guess" for the optimal value of LB = maxf Pmax ; � maxg. De�ne ST = f (i; j ) j pij � Tg. Let J and
M denote the set of jobs and machines, respectively. We now de�ne a family of linear programs LP (T),
one for each value of T 2 Z+ , as follows: (A1) 8j 2 J

P
i x ij = 1, (A2) 8i 2 M

P
j x ij pij � T , (A3)

8j 2 J zj =
P

i pij x ij , (A4) 8(j 0 � j )cj � cj 0 + zj , (A5) 8j 2 J cj � T . The constraints (A1) ensurethat
each job is assigneda machine, constraints (A2) ensurethat the maximum fractional load on any machine
(� max ) is at most T. Constraints (A3) de�ne the fractional processingtime zj for a job j and (A4) capture
the precedenceconstraints amongst jobs (cj denotesthe fractional completion of time of job j ). We note
that maxj cj is the fractional Pmax . Constraints (A5) state that the fractional Pmax value is at most T.

Let T � be the smallest value of T for which LP (T) has a feasiblesolution. It is easyto seethat T � is
a lower bound on LB . We now present a rounding scheme which rounds a feasible fractional solution to
LP (T � ) to an integral solution. Let X ij denote the indicator variable which denotesif job j was assigned
to machine i in the integral solution, and let Cj be the integer analog of cj and zj . We �rst modify the

x ij values using �ltering [16]. Let � = 3+
p

5
2 . For any (i; j ), if pij > �z j , then set x ij to zero. This step

could result in a situation where, for a job j , the fractional assignment
P

i x ij drops to a value r such that
r 2 [1 � 1

� ; 1). So, we scalethe (modi�ed) valuesof x ij by a factor of at most 
 = �
� � 1 . Let A denote this

fractional solution. Crucially, we note that any rounding of A , which ensuresthat only non-zerovariables
in A are set to non-zerovalues in the integral solution, has an integral Pmax value which is at most �T � .
This follows from the fact that if X ij = 1 in the rounded solution, then pij � �z j . Hence,it is easyto see
that by induction, for any job j , Cj is at most �c j � �T � .

We now show how to round A . Recall that [13] presents a rounding algorithm for unrelated parallel
machines scheduling without precedenceconstraints with the following guarantee: if the input fractional
solution has a fractional � max value of x, then the output integral solution has an integral � max value of
at most x + maxx ij > 0 pij . We use A as the input instance for the rounding algorithm in [13]. Note that
A has a fractional � max value of at most 
 T � . Further, maxx ij > 0 pij � T � . This results in an integral
solution I whosePmax value is at most �T � , and whose� max value is at most (
 + 1)T � . Observe that,
setting � = 3+

p
5

2 results in � = 
 + 1. Finally, we note that the optimal value of T can be arrived at by
a bisection search in the range [0; npmax ], where n = jJ j and pmax = maxi;j pij . SinceT � is a lower bound
on LB , we have the following result.

Theorem 1 The above algorithm computes a processor assignment for each job such that the value of
maxf Pmax ; � maxg for the resulting assignmentis within a ( 3+

p
5

2 ){factor of the optimal.
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2.2 Step 2: Solving the GDSS problem under treelik e precedences

We �rst consider the casewhen the precedencesare a collection of directed in-trees or out-trees in sec-
tion 2.2.1. We then extend this to the casewhere the precedencesform an arbitrary forest (i.e., the
underlying undirected graph is a forest) in Section 2.2.2. Sincethe processorassignment is already speci-
�ed in the GDSSproblem, we will usethe notation m(v) to denotethe machine to which node v is assigned.
Also, sincethe machine is already �xed, the processingtime for node v is also �xed, and is denoted by pv .

2.2.1 GDSS on Out-/In-Arb orescences

An out-tree is a tree rooted at somenode, say r , with all edgesdirected away from r ; an in-tree is a tree
obtained by reversing all the directions in an out-tree. In the discussionbelow, we only focus on out-trees;
the sameresults can be obtained for in-trees. The algorithm for out-trees requires a careful partitioning
the tree into blocks of chains, and giving random delays at the start of each chain in each of the blocks
- thus the delays are spread all over the tree. The head of the chain waits for all its ancestorsto �nish
running, after which it waits for an amount of time equal to its random delay. After this, the entire chain
is allowed to run without interruption. Of course,this may result in an infeasibleschedule where multiple
jobs simultaneously contend for the samemachine (at the sametime). We show that this contention is low
and can be resolved by expanding the infeasibleschedule produced above.

Chain Decomp osition We de�ne the notions of chain decomposition of a graph and its chain width.
Given a DAG G(V; E), let din (u) and dout (u) denote the in-degreeand out-degree,respectively, of u in G.
A chain decomposition of G(V; E) is a partition of its vertex set into subsetsB 1; : : : ; B � (called blocks)
such that the following properties hold: (i) The subgraph induced by each block B i is a collection of
vertex-disjoint directed chains, (ii) For any u; v 2 V , let u 2 B i be an ancestor of v 2 B j . Then, either
i < j , or i = j and u and v belong to the samedirected chain of B i , (iii) If dout (u) > 1, then none of u's
out-neighbors are in the sameblock as u. The chain-width of a DAG is the minimum value � such that
there is a chain decomposition of the DAG into � blocks.

W ell structured schedules. We now state somede�nitions motivated by those in [6]. Given a GDSS
instancewith a DAG G(V; E) and given a chain decomposition of G into � blocks, we construct a B -delayed
schedule for it as follows; B is an integer that will be chosenlater. Each job v which is the headof a chain
in a block is assigneda delay d(v) in f 0; 1; : : : ; B � 1g. Let v belong to the chain C i . Job v waits for d(v)
amount of time after all its predecessorshave �nished running, after which the jobs of C i are scheduled
consecutively (of course, the resulting schedule might be infeasible). A random B -delayed schedule is a
B -delayed schedule in which all the delays have beenchosenindependently and uniformly at random from
f 0; 1; : : : ; B � 1g. For a B -delayed schedule S, the contention C(M i ; t) is the number of jobs scheduled on
machine M i in the time interval [t; t + 1). As in [6, 21], we assumew.l.o.g. that all job lengths are powers
of two. This can be achieved by multiplying each job length by at most a factor of two (which a�ects
our approximation ratios only by a constant factor). A delayed scheduled S is well-structured if for each
k, all jobs with length 2k begin in S at a time instant that is an integral multiple of 2k . Such schedules
can be constructed from randomly delayed schedules as follows. First create a new GDSS instance by
replacing each job v = (m(v); pv ) by the job v = (m(v); 2pv). Let S be a random B -delayed schedule
for this modi�ed instance, for someB ; we call S a padded random B -delayed schedule. From S, we can
construct a well-structured delayed schedule, S0, for the original GDSS instance as follows: insert v with
the correct boundary in the slot assignedto v̂ by S. S0 will be called a well-structured random B -delayed
schedule for the original GDSS instance.

Our algorithm. We now describe our algorithm; for the sake of clarity, we occasionally omit 
o or and
ceiling symbols (e.g., \ B = d2� max =log(npmax )e" is written as \ B = 2� max=log(npmax )"). As before let
pmax = maxv pv.
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1. Construct a chain decomposition of the DAG G(V; E) and let � be its chain width.

2. Let B = 2� max=log(npmax ). Construct a padded random B -delayed schedule S by �rst increasing
the processingtime of each job v by a factor of 2 (as described above), and then choosing a delay
d(v) 2 f 0; : : : ; B � 1g independently and uniformly at random for each v.

3. Construct a well-structured random B -delayed schedule S0 as described above.

4. Construct a valid schedule S00using the technique from [6] as follows:

(a) Let the makespanof S0 be L.

(b) Partition the scheduleS0 into framesof length pmax ; i.e., into the setof time-intervals f [ipmax ; (i +
1)pmax ); i = 0; 1; : : : ; dL=pmaxe� 1g.

(c) For each frame, use the frame-scheduling technique from [6] to produce a feasibleschedule for
that frame. Concatenatethe schedulesof all frames to obtain the �nal schedule.

The following theorem shows the performanceguarantee of the above algorithm, when given a chain
decomposition. The proof appearsin the Appendix.

Theorem 2 Let pmax = maxi;j pij . Given an instance of treelike GDSS and a chain decomposition of its
DAG G(V; E) into � blocks, the schedule S00produced by the above algorithm has makespan O(� � (Pmax +
� max )) with high probability, where � = maxf �; logng � dlog(minf pmax ; ng)=log logne. Furthermore, the
algorithm can be derandomized.

The proof of Theorem 3 demonstratesa chain decomposition of width O(log n) for any out-tree: this
completesthe algorithm for an out-tree. An identical argument would work for the caseof a directed in-
tree. We note that the notions of chain decomposition and chain-width for the out-directed arborescences
are similar to those of caterpillar decomposition and caterpillar dimension for trees [17]. However, in
general,a caterpillar decomposition for an arborescenceneednot be a chain-decomposition and vice-versa.
The proof of Theorem 3 appearsin the Appendix.

Theorem 3 There is a deterministic polynomial-time approximation algorithm for solving the GDSSprob-
lem when the underlying DAG is restricted to be an in/out tree. The algorithm computesa schedule with
makespan O((Pmax + � max ) � � ), where � = logn � dlog(minf pmax ; ng)=log logne. In particular, we get an
O(log n){approximation in the caseof unit-length jobs.

2.2.2 GDSS on arbitrary forest-shap ed DA Gs

We now consider the casewhere the undirected graph underlying the DAG is a forest. The chain decom-
position algorithm described in Theorem 3 doesnot work for arbitrary forests, and it is not clear how to
make the Lemma 9 work with chain decompositions of arbitrary forests. Instead of following the approach
of Section 2.2.1, we observe that oncewe have a chain decomposition, the problem restricted to a block of
chains is preciselythe job shopscheduling problem. This allows us to reducethe Rjf orestjCmax problem to
a set of job shop problems, for which we usethe algorithm of [6]. While this is simpler than the algorithm
in Section 2.2.1 for in-/out-trees, we incur another logarithmic factor in the approximation guarantee.

The following lemmas show that a good decomposition can be computed for forests which can be
exploited to yield a good approximation ratio.
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Lemma 4 Every DAG T whoseunderlying undirected graph is a forest, has a chain decomposition into 

blocks, where 
 � 2(dlg ne+ 1).

Theorem 5 Given a GDSS instance and a chain decomposition of its DAG G(V; E) into 
 blocks, there
is a deterministic polynomial-time algorithm which delivers a schedule of makespan O((Pmax + � max ) � � ),
where � = 
 log n

log log n dlog min( pmax ;n )
log log n e. Thus, Lemma4 implies that � = O( log2 n

log log n dlog min( pmax ;n )
log log n e) is achievable.

3 The Rjf orestj
P

j wj Cj problem.

We now consider the objective of minimizing weighted completion time, where the given weight for each
job j is wj � 0. Given an instance of Rjprecj

P
j wj Cj where the jobs have not been assignedtheir

processors,we now reduce it to instancesof RjprecjCmax with processorassignment. More precisely, we
show the following: let Pmax and � max denote the \dilation" and \congestion" as usual; if there exists a
scheduleof makespan� � (Pmax + � max ) for the latter, then there is a O(� )-approximation algorithm for the
former. Let the machines and jobs be indexed by i and j ; pi;j is the (integral) time for processingjob j on
machine i , if we chooseto processj on i . We now present an LP-formulation for Rjprecj

P
j wj Cj which

has the following variables: for ` = 0; 1; : : :, variable x i;j;` is the indicator variable which denotes if \job
j is processedon machine i , and completesin the time interval (2` � 1; 2` ]"; for job j , Cj is its completion
time, and zj is the time spent on processingit. The objective is to minimize

P
j wj Cj subject to: (1)

8j;
P

i;` x i;j;` = 1, (2) 8j; zj =
P

i pi;j
P

` x i;j;` , (3) 8(j � k); Ck � Cj + zj , (4) 8j;
P

i;` 2` � 1x i;j;` < Cj �
P

i;` 2` x i;j;` , (5) 8(i; `);
P

j pi;j
P

t � ` x i;j;t � 2` , (6) 8` 8maximal chains P;
P

j 2P
P

i pi;j
P

t � ` x i;j;t � 2` ,
(7) 8(i; j; `); (pi;j > 2` ) ) x i;j;` = 0, (8) 8(i; j; `); x i;j;` � 0

Note that (5) and (6) are \congestion" and \dilation" constraints respectively. Our reduction proceeds
as follows. Solve the LP, and let the optimal fractional solution be denoted by variables x �

i;j;` , C �
j , and z�

j .
We do the following �ltering, followed by an assignment of jobs to (machine, time-frame) pairs.

Filtering: For each job j , note from the �rst inequality in (4) that the total \mass" (sum of x i;j;` values)
for the values 2` � 4C �

j , is at most 1=2. We �rst set x i;j;` = 0 if 2` � 4C �
j , and scale each x i;j;` to

x i;j;` =(1 �
P

`0� 4C �
j

P
i x i;j;` 0), if ` is such that 2` < 4C �

j - this ensuresthat equation (1) still holds. After
the �ltering, each non-zero variable increasesby at most a factor if 2. Additionally , for any �xed j , the
following property is satis�ed: consider the largest value of ` such that x i;j;` is non-zero; let this value be
`0; then, 2`0

= O(C �
j ). The right-hand-sidesof (5) and (6) becomeat most 2`+1 in the processand the Cj

values increaseby at most a factor of two.

Assigning jobs to machines and frames For each j , set F (j ) to be the frame (2` � 1; 2` ], where `
is the index such that 4C �

j 2 F (j ). Let G[`] denote the sub-problem which is restricted to the jobs in
this frame. Let Pmax (`) and � max (`) be the fractional congestionand dilation, respectively, for the sub-
problem restricted to G[`]. From constraints (5) and (6), and due to our �ltering step, which at most
doubles any non-zero variable, it follows that both Pmax (`) and � max (`) are O(2` ). We now perform a
processorassignment as follows: for each G[`], we use the processorassignment scheme in Section 2.1 to
assignprocessorsto jobs. This ensuresthat the integral Pmax (`) and � max (`) valuesare at most a constant
times their fractional values.

Scheduling: First schedule all jobs in G[1]; then schedule all jobs in G[2], and so on. We can use any
approximation algorithm for makespan-minimization, for each of thesescheduling steps. It is easyto see
that we get a feasiblesolution: for any two jobs j 1; j 2, if j 1 � j 2, then C �

j 1
� C �

j 2
and frame F (j 1) occurs

beforeF (j 2) and hencegets scheduled �rst.

7



Theorem 6 If there exists an approximation algorithm which yields a schedule whose makespan is
O((Pmax + � max ) � � ), then there is also an O(� ){approximation algorithm for minimizing weighted com-
pletion time. Thus, Theorem 5 implies that � = O( log2 n

log log n dlog min( pmax ;n )
log log n e) is achievable.

4 Weighted completion time and 
o w time on Chains

We now consider the caseof Rjprecj
P

j wj Cj , where the processor-assignment is not prespeci�ed. We
consider the restricted-assignmentvariant of this problem [13, 20], where for every job v, there is a value
pv such that for all machines i , pi;v 2 f pv ; 1g . Let S(v) denote the set of machinessuch that pi;v = pv . We
focus on the casewhere the precedenceDAG is a disjoint union of chains with all pu being polynomially-
boundedpositive integersin the input-size N . We now present our approximation algorithms for weighted
completion time and 
o w time.

W eigh ted Completion Time Recall that N = maxv f n; m; pvg denote the \input size". In this section,
we obtain an O(log N=log logN )-approximation algorithm for the minimum weighted completion time
problem. We �rst describe an LP relaxation. Let T =

P
v pv. In the following LP , for easeof exposition,

we assumethat all the pv valuesare equal to one. Our algorithm easily generalizesto the casewhere the
pv valuesare arbitrary positive integers,and the LP is polynomial-sized if all pv valuesare polynomial in
N . Let � denote the immediate predecessorrelation, i.e., if u � v, then they both belong to the same
chain and u is an immediate predecessorof v in this chain. Note that if v is the �rst job in its chain,
then it has no predecessor. In the time-indexed LP formulation below, the variable x v;i;t denotes the
fractional amount of job v that is processedon machine i at time t. The objective is min

P
v w(v)C(v),

subject to: (B1) 8v;
P

i 2 S(v)
P

t2 [1;:::;T ] xv;i;t = 1, (B2) 8 i 2 [1; : : : m]; 8 t 2 [1; : : : T ];
P

v xv;i;t � 1, (B3)
8 v; 8 t 2 [1; : : : T ]; zv;t =

P
i 2 [1;:::m] xv;i;t , (B4) 8 u � v; 8 t 2 [1; : : : T ];

P
t02 [1;:::;t ] zv;t 0 �

P
t02 [1;:::;t � 1] zu;t 0,

(B5) 8v; C(v) =
P

t2 [1;:::T ] t � zv;t , (B6) 8 v; 8 i 2 S(v); 8t 2 [1; : : : ; T ]; xv;i;t � 0.

The constraints (B1) ensurethat all jobs are processedcompletely, and (B2) ensurethat at most one
job is (fractionally) assignedto any machine at any time. The variable zv;t denotesthe fractional amount
of job v that has beenprocessedon all machines at time t. Constraints (B3) and (B4) are the precedence
constraints and (B6) de�ne the completion time C(v) for job v.

Our algorithm proceedsas follows. We �rst solve the above LP optimally. Let OPT be the optimal
value of the LP and let x and z denote the optimal solution valuesin the rest of the discussion.We de�ne
a rounding procedurefor each chain such that the following hold:
1. Let Zv;t be the indicator random variable which denotes if v is executed at time t in the rounded
solution. Let X v;i;t be the indicator random variable which denotesif v is executedat time t on machine i
in the rounded solution. Then E[Zv;t ] = zv;t and E[X v;i;t ] = xv;i;t .
2. All precedenceconstraints are satis�ed in the rounded solution.
3. Jobs in di�eren t chains are rounded independently.

After the Zv;t valueshave beendetermined, we do the machine assignment as follows: if Z v;t = 1, then
job v is assignedto machine i with probabilit y (x v;i;t =zv;t ). In general,this assignment strategy might result
in jobs from di�er ent chains executing on the same machine at the same time, and hencean infeasible
schedule. Let C1 denote the cost of this infeasiblesolution. Property 1 above ensuresthat E[C1] = OPT.
Let Y be the random variable which denotesthe maximum contention of any machine at any time. We
obtain a feasiblesolution by \expanding" each time slot by a factor of Y .

We now show our rounding procedurefor the jobs of a speci�c chain such that properties 1 and 2 hold;
di�eren t chains are handled independently as follows: for each chain �, we choosea value r (�) 2 [0; 1]
uniformly and independently at random. For each job v belonging to chain �, Z v;t 0 = 1 i�

P t0� 1
t=1 zv;t <

8



r (�) �
P t0

t=1 zv;t . Bertsimas et al. [1] show other applications for such rounding techniques. A moment's
re
ection shows that property 1 holds due to the randomized rounding and property 2 holds due to
Equation (B4). A straight forward application of the Cherno�-t ype bound from Fact 8 yields the following
lemma:

Lemma 7 Let E denote the event that Y � (� logN=log logN ), where � > 0 is a suitably large constant.
Event E occurs after the randomized machine assignmentwith high probability: this probability can be made
at least 1 � 1=N � for any desired constant � > 0, by letting the constant � be suitably large.

Finally, we note that we expand an infeasible schedule only if the event E occurs. Otherwise, we
can repeat the randomized machine assignment until event E occurs and expand the resultant infeasible
schedule. Let the �nal cost of our solution be C. We now have an O(log N=log logN )-approximation from:

E[C j E] � E[Y � C1 j E] � E[O(
logN

log logN
) � C1 j E] � O(

logN
log logN

) �
E[C1]
Pr[E]

� O(
logN

log logN
) � OPT:

Minimizing W eigh ted Flo w Time with Resource Augmen tation Consider the following extension
to the problem of weighted completion time discussedabove: in addition to the chain-shaped precedence
constraints and the machine assignment constraints, each job v alsohasa \release-time" r v and a deadline
lv . The releasetime speci�es the time at which the job v wascreatedand henceit can be scheduledonly at
times which are � r v . The deadline lv speci�es the last time slot by which this job can be scheduled. Our
goal is to �nd a schedulewhich minimizes the weighted 
o w time

P
v w(v)(C(v) � r v ) subject to the above

constraints; again, we focus on the case\ pv � 1", but the results here hold for the casewhere all pv are
polynomially boundedpositive integers. In general,minimizing weighted 
o w time is hard to approximate.
Leonardi & Raz [12] provide a O(

p
n logn)-approximation algorithm for this problem and show that it

cannot be approximated within a factor of O(n
1
3 � � ) for any constant � > 0, unlessP = N P. One way

of dealing with this is through resourceaugmentation, where we allow our solution to use  copiesof a
machine. In this case,we say that the solution is an  -speedsolution. Let OPT be the cost of the optimal
schedule. We say that a solution is ( ; 
 )-approximate, if its speed is  and the cost of the solution is
at most 
 � OPT. Note that we compare the cost of our  -speedsolution with that of a 1-speedoptimal
solution. We now present an algorithm, which either provesthat input instance is has no feasiblesolution,
or outputs a ( ; 
 )-approximate solution where  = O( log N

log log N ) and 
 = 1 + o(1) with high probabilit y.

Our algorithm proceedsas follows. We �rst formulate this problem as an LP . This LP is similar to
that consideredfor the weighted completion time earlier, except that the LP considersonly those x v;i;t

variablessuch that r v � t � lv . We solve this LP optimally. Note that any integer solution is alsoa feasible
solution for this LP formulation. Hence, if the LP is infeasible, then this instance is not feasibleeither.
Assumethat the LP hasan optimal fractional solution whosevalue is OPT. We now round this fractional
scheduleto obtain an integral scheduleand a machine assignment for the jobs asin the caseof the weighted
completion time problem earlier. As before, this will result in an infeasibleschedule of cost C1, where the
maximum contention for any machine at any time slot is denote by the random variable Y . We note that
by replacing each machine with a set of Y machines, we obtain a Y-speedsolution whosecost remains the
sameas C1. Recall Lemma 7 and its notation, and also note that for any job v, its expected completion
time equalsits fractional completion time C � (v). Now, by Lemma 7, we can take � large enoughso that
even conditional on the event E, the expected completion time of v is at most C � (v) + o(1) (since C � (v)
is bounded by a �xed polynomial of N , and since � is su�cien tly large). Since the fractional 
o w time
C � (v) � r v of v is at least 1, this addition of o(1) is negligible. Thus, even conditional on E (which happens
with high probabilit y), the expected cost of our solution is at most (1 + o(1))OPT.

Ac kno wledgmen ts. We are thankful to David Shmoys for valuable comments.
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App endix

A Pro ofs

A.1 Pro ofs from Section 2.2

Pro of (of Theorem 2:) We only analyze the randomized algorithm. The delays can then be easily
seento be computable deterministically by the method of conditional probabilities.

First, observe that S has a makespanof at most L := 2(Pmax + � � max=log(npmax )): this is becausethe
maximum processingtime along any directed path is at most 2Pmax , and since there are � points along
any path which have been delayed, the additional delay is at most 2� � max=log(npmax ). Clearly, S0 has
no larger makespan. Let C(M i ; t) be the contention of machine M i at time t under S. The contention on
any machine at any time under S0 is no more than under S. We will need the following variation on the
Cherno� bound.

Fact 8 ([18 ]) Let X 1; X 2; : : : ; X l 2 f 0; 1g be random variables such that for all i , and for any S �
f X 1; : : : ; X i � 1g, Pr[X i = 1j

V
j 2 S X j = 1] � pi . Let X :=

P
i X i and � :=

P
i pi . Then for any � > 0,

Pr[X � � (1 + � )] � G(�; � ).

The following key lemma bounds the contentions:

Lemma 9 There exists a constant c1 > 0 such that 8i 2 f 1; : : : ; mg ; 8t 2 f 1; : : : ; Lg; C(M i ; t) � � with
high probability, where � = c1 log(npmax ).

Pro of For any job v, de�ne the random variable X (v; i; t) to be 1 if v is scheduled on M i during the
time interval [t; t + 1) by S, and 0 otherwise. Note that C(M i ; t) =

P
v:m(v)= M i

X (v; i; t). Let d(v) be the
random delay given to the chain to which v belongs. Conditioning on all other delays, d(v) can take at
most pv values in the range f 0; 1; : : : ; B � 1g that will lead to v being scheduled on M i during [t; t + 1).
Hence, E[X (v; i; t)] = Pr[X (v; i; t) = 1] � pv

B . Hence E[C(M i ; t)] � � max
B � log(npmax ). Although the

random variables X (v; i; t) are not independent, we will now present an upper-tail bound for C(M i ; t).

Let B1; : : : ; B � be the blocks in the chain decomposition. Consider the following ordering of nodes in
V : nodeswithin each B i are ordered so that if v is an ancestorof w, then v precedesw, and nodes in B i

are ordered before nodes in B i +1 , for each i . Let � (1); : : : ; � (n) be the resulting ordering of nodes. For
any node v, and for any subsetW � V such that 8v0 2 W; � (v0) < � (v), we will argue that Pr[X (v; i; t) =
1 j

V
v02 W X (v0; i; t) = 1] � pv=B in such a case.First, observe that if there is a node v0 2 W such that v0 is

an ancestoror descendant of v, then X (v; i; t) = 0, sincethe scheduleS0 preservesprecedences.Therefore,
assumethat for each v0 2 W , it is neither an ancestornor a descendant of v. Let A be the chain containing
v in the chain decomposition. Then, the random delay given at the start node of A does not a�ect any
of the nodes in W , and conditioned on all other delays, Pr[X (v; i; t) = 1 j

V
v02 W X (v0; i; t) = 1] � pv=B

continuesto hold. Thus, Fact 8 can now be applied, to get Pr[C(M i ; t) � � log(npmax )] � 1=(npmax )c, for a
suitable constant c. Sincethe number of events \ C(M i ; t) � � log(npmax )" is O((npmax )c0

), for a constant
c0, the lemma now follows via a union bound.

The above lemma implies that schedule S0 has a low contention for each machine at each time instant,
with high probabilit y. Our �nal task is to verify that the last step, using the technique from [6] gives the
desired bounds. From the observation earlier, S0 has a makespanat most L . By the de�nition of pmax
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and the fact that S0 is well-structured, no job crossesover a frame. Given such a well-structured frame of
length pmax where the maximum contention on any machine is at most � , the frame scheduling algorithm
of [6] givesa feasibleschedule with the following bounds.

Fact 10 Let pmax = maxi;j pij . Given a well-structured frame of length pmax where the maximum con-
tention on any machine is at most � , there exists a deterministic algorithm which delivers a schedule for
this frame with makespan O(pmax � dlogpmax=log log � e). Hence, concatenating the framesyields a schedule
of length O(� 0(Pmax + � max )) , where � 0 = maxf �; log(npmax )gd log pmax

log log(npmax ) e.

Note that if pmax is polynomially bounded in n, then Theorem 2 holds immediately. We now propose
a simple reduction for the casewhere pmax � n to the casewhere pmax is polynomial in n. Assumethat
in the given instance I , pmax � n10. Create a new instance I 0 which retains only those vertices in I whose
processingtimes are greater than pmax=n2. Vertices in the new instance I 0 inherit the sameprecedence
constraints amongstthemselveswhich they weresubject to in I . However, all theseverticeshave processing
times in the range [pmax=n2; pmax ]. Equivalently, all processingtimes can be scaleddown such that they
are in the range [1; n2]. Hence, Fact 10 implies that we can obtain a schedule S0 for instance I 0 whose
length is � (Pmax + � max ), where � = maxf �; logng � (log n= log logn). We note that the total processing
time of all the vertices in I n I 0 is at most n Pmax

n2 = Pmax=n. Hence, thesevertices can be inserted into S0

valid schedule S for I such the makespan increasesby at most Pmax=n, and henceschedule S is also of
length � (Pmax + � max ).

Pro of ( of Theorem 3) We show that any out-directed arborescenceT(V; E) has chain-width at most
� = dlg ne+ 1 by constructing such a chain decomposition. The construction proceedsin iterations, each
of which createsa block of the decomposition. De�ne T1(V1; E1) = T(V; E). Let Ti (Vi ; E i ) be the subtree
at the beginning the i th iteration. Let Si � Vi be the set of vertices u such that: (i) the subtree rooted at
u in Ti is a directed chain, and (ii) the parent (if any) of u in Ti has out-degreeat least two. During the
i th iteration, we create a block B � +1 � i which contains each u 2 Si along with its subtree. It is easyto see
that the graph induced by Vi +1 is an out-tree Ti +1 , and this procedurecan be run recursively; therefore,
we do obtain a valid chain decomposition.

Claim 11 Let � � +1 � i denotethe number of chains induced by B � +1 � i , in the i th iteration. Then for all i ,
� � +1 � i � 2� � � i .

Pro of Consider a leaf vertex u in Ti +1 (and hencebelonging to B � � i ). Vertex u has out-degreezero
in Ti +1 and out-degreeof at least two in Ti (otherwise, u would have belongedto B � +1 � i leading to a
contradiction). Hence,there are at least two chains induced by B � +1 � i for which u is an ancestor. Further,
each chain in B � +1 � i has at most one ancestor in B � � i which is a leaf. Since any directed chain has a
unique leaf vertex, the claim follows.

The above claim implies that � � � 2� � 1. Since� � � n, the theorem follows.

Pro of (of Theorem 5:) Consider the chain decomposition of the DAG with 
 blocks P1; : : : ; P
 . Each
of these blocks Pi is an instance of job-shop scheduling, since it only consists of chains. These can be
solved using the algorithm of [6] which, given a job-shop instance, producesa schedule with makespanat
most O( (Pmax +� max ) log n

log log n dlogpmax=log logne). Also, by the properties of the chain decomposition, there are
no precedenceconstraints from Pj to Pi , for j > i . Therefore, we can concatenatethe schedulesfor each
block, and this yields a schedule for the GDSS instance with the desired makespan(since, as argued in
Section 2.2.1, we may assumewithout lossof generality that pmax is polynomially bounded in n).
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Pro of (of Lemma 4:) We show how to construct such a decomposition. Fix a root for T. Someof the
edgesin T will be pointing away from the root (down) and others will be pointing towards the root (up).
Imagine that T is an outward-arborescenceand perform a chain decomposition as in the proof of Theorem
3 which will result in a decomposition B with blocks B 1; : : : ; B � and intermediate trees T1; : : : ; T� . We
now re-partition theseblocks into blocks P1; : : : ; P2� of the chain decomposition P as follows. Consider a
chain in B i . In general,someedgesof this chain will point down and others will point up. Each vertex u
in this chain will belong to one of the following types:
T yp e 1: u is the head of the chain and connected to Ti through an edge pointing up. In this case,
u 2 Pi .
T yp e 2: u is the head of the chain and connected to Ti through an edge pointing down. Then,
u 2 P2� +1 � i .
T yp e 3: u is the tail of the chain with in-degree1. Then, u 2 P2� +1 � i .
T yp e 4: u is the tail of the chain with out-degree1. Then, u 2 Pi .
T yp e 5: u has out-degree2. Then, u 2 Pi .
T yp e 6: u has in-degree2. Then, u 2 P2� +1 � i .
T yp e 7: u has in-degree1 and out-degree1 with both the edgespointing up. Then, u 2 Pi .
T yp e 8: u has in-degree1 and out-degree1 with both the edgespointing down. Then, u 2 P2� +1 � i .

We assumew.l.o.g. that noneof the blocks in P are empty (otherwise, we can deletesuch blocks). Since
B is a chain decomposition, it ensuresthat vertices in di�eren t chains of the sameblock are not ancestors
or descendants of each other. It is easyto seethat after repartitioning B i , none of the vertices in Pi are
descendants of any vertex in P2� +1 � i . We now prove that P is a leveled chain decomposition by showing
that if j 6= k, there is an edgefrom a vertex in Pj to a vertex in Pk only if j < k. Let i 2 1; : : : ; � . From
the construction, note that nodesin Ti +1 only end up in the blocks Pi +1 ; : : : ; P� ; P� +1 ; : : : ; P2� � i . No edge
exists from any vertex v in Ti +1 to a vertex in u in Pi . Indeed, if such an edgeexists, then u must be
the head of its chain in B i and must be connectedto Ti through an edgepointing down. In this case,u
would have been in P2� +1 � i , leading to a contradiction. Similarly, no edgeexists from any u vertex in
P2� +1 � i to a vertex in Ti +1 . Again, if such an edgeexists, then u must be the head of its chain in B i and
must be connectedto Ti through an edgepointing up. In this case,u would have beenin Pi leading to a
contradiction. These two together imply that all edgesacrossthe partitions of P are from Pj to Pk such
that j < k.

A.2 The Limits of our Lower Bound

Any attempt to improve our approximation guaranteesmust addressthe issueof how good the Pmax + � max

lower bounds are. We show that in generalDAGs, the LB = maxf Pmax ; � max g lower bound is very weak:
there are instanceswhere the optimal makespanis 
( Pmax � max ). This leaves the question for forests- we
show that even in this case,there are instanceswhere the optimal makespanis 
( LB � logn= log � max ).

We construct a rooted in-tree T for which the optimal makespan is 
( LB � logn= log � max ), for any
value of � max that is 
(log n= log logn). All nodes(jobs) are of unit length. At level 0, we have the root
which is assignedto a processorthat is not used for any other nodes. Once the level-i nodes are �xed,
level-(i + 1) nodesare �xed in the following manner. For each node v at level i , there are C = � max nodes
in level i + 1 that are immediate predecessorsof v. All these C nodes are assignedto the samemachine
that is never used again. Since there are n nodes in T, it is clear that there are logn= logC levels, and
about n=C machines are used.

Lemma 12 The optimal makespan for the above instance is 
((� max + Pmax ) logn= log � max ).
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Pro of WehaveC = � max . Let Vi denotethe setof nodesin level i . Note that D := Pmax = logn= logC+ 1
is the number of levels in T. We will show by backward induction on i that the earliest time that nodes
in Vi can start is (D � i )C. From this the lemma follows, since C � 
(log n= log logn). The basecase
i = D is obvious. Now assumethis claim is true for levels j � i . Consider v 2 Vi � 1. Let P(v) denote
the immediate predecessorsof v in level i . By construction, jP(v)j = C, and by the induction hypothesis,
the earliest time any node in P(v) can start is (D � i )C. All the nodes in P(v) are assignedto the same
processor.Therefore, the earliest time all nodes in P(v) are done is (D � i )C + C = (D � i + 1)C. Note
that v can start only after all of P(v) is completed. This completesthe proof for forest-shaped instances.

An 
(
p

n) gap in general: In the above instance, the optimal makespanis also 
( Pmax � max ), but the
ratio of this to Pmax + � max is only O(log n= log � max ), becausePmax = logn= log � max . We now show an
instance of the generalGDSS problem where the optimal makespanis 
( Pmax � max ) and this quantit y is

(

p
n) times larger than � max + Pmax . This instance has m =

p
n layers, each layer containing m nodes.

Let theselayers be denoted by V1; : : : ; Vm . For each i = 1; : : : ; m � 1, all edgesin Vi � Vi +1 are present. It
is easyto seethat Pmax = � max = m in this instance, but the optimal makespanis n = Pmax � max . It can
also be shown that a natural integer program basedon time-indexed variables has an 
( m) gap between
the integral and fractional optima for this instance.
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