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Abstract

We present polylogarithmic approximations for the RjpregCnax and Rjpreg P i Wi G problems,
when the precedenceconstraints are \treelik e" - i.e., when the undirected graph underlying the prece-
dencesis a forest. These are the rst non-trivial generalizations of the job shop scheduling problem
to scheduling with precedenceconstraints that are not just chains. Theseare alsothe rst non-trivial
results for the weighted completion time objective on unrelated machines with precedenceconstraints
of any kind. We obtain improved bounds for the weighted completion time and o w time for the caseof
chains with restricted assignmen - this generalizesthe job shop problem to these objective functions.
We usethe samelower bound of \congestion+dilation", asin other job shop scheduling approaches(e.g.
[21]). The rst stepin our algorithm for the RjpredCnax problem with treelike precedencednvolves
using the algorithm of Lenstra, Shmoys and Tardos [13] to obtain a processorassignmen with the
congestion+ dilation value within a constart factor of the optimal. We then shov how to generalize
the random delays technique of Leighton, Maggs and Rao [14] to the caseof trees. For the weighted
completion time, we show a certain type of reduction to the makespan problem, which dovetails well
with the lower bound we employ for the makespanproblem. For the special caseof chains, we show a
dependent rounding technique which leadsto improved bounds on the weighted completion time and
new bicriteria bounds for the ow time.

1 Intro duction

The most generalscheduling problem involves unrelated parallel madchines and precedenceconstraints, i.e.,
we are given: (i) asetof n jobswith precedenceconstraints that induce a partial order on the jobs; (ii) a set
of m madines, ea of which can processat most onejob at any time, and (iii) an arbitrary set of integer
valuesf p;j g, wherep;; denotesthe time to processiob j on madinei. Let C; denotethe completion time
of job j. Subject to the above constraints, two commonly studied versionsare (i) minimize the makesgn,
or the maximum time any job takes,i.e. max;fC;jg - this js denoted by RjpregCmax, and (ii) minimize
the weighted completion time - this is denoted by Rjpreg : w;Cj. Numerous other variants, involving

i
releasedates or other objectives have beenstudied (seee.g. [7]).
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Almost optimal upper and lower bounds are |5nown for the versions of the above problems without
precedenceconstraints (i.e., the RjjCmax and Rjj ; w; Cj problems) [3, 13, 22, but very little is known
in the presenceof precedenceconstraints. The only caseof the general RjpregCnax problem for which
non-trivial approximations are known is the casewhere the precedenceconstraints are chains - this is the
job shop sdheduling problem [21], which itself has a long history. The rst result for job shop scheduling
was the breakthrough work of Leighton et al. [14, 15] for padket scheduling, which implied an O(log n)
approximation for the caseof unit processingcosts. Leighton et al. [14, 15] introduced the \random
delays" technique, and almost all the results on the job shop scheduling problem are basedon variants of
this technique. The result of [14, 15 was generalizedto non uniform processingcostsby Shmoys et al. [21],
who obtained an approximation factor of O(log(m ) log(minfm; pmaxg)=loglog(m )), where pmax is the
maximum processingtime of any job, and is the maximum length of any chain in the given precedence
constraints. These bounds were improved by an additional loglog(m ) factor by Goldberg et al. [6];
see[5] for additional relevant work. Shmoys et al. [21] also generalizejob-shop scheduling to DAG-shop
scheduling, wherethe operations of eath job form a DAG, instead of a chain, with the additional constraint
that the operations within a job can be done only one at a time. They show how the results for the caseof
a chain extend to this casealso.

The only results known for the caseof arbitrary number of processorswith more general precedence
constraints are for identical parallel machines(denotedby PjpregCmax ) [7], or for related parallel machines
(denoted by QjpregCmax) [4, 2]. The weighted completion time objective has also beenstudied for these
variants [3, 8]. When the number of machines is constart, polynomial time approximation schemesare
known [9, 11]. Note that all of the above discussionrelates to non-preemptive sdedules, i.e., once the
processingof a job is started, it cannot be stopped until it is completely processedpreemptive variants of
these problems have also beenwell studied (seee.g. [19]).

Far lessis known for the weighted completion time objective in the same setting, instead of the
makespan. The known approximations are either for the caseof no precedenceconstraints [22], or for
precedenceconstraints with parallel/related processordg8]. To the best of our knowledge, no non-trivial
bound is known on the weighted completion time on unrelated madines, in the presenceof precedence
constraints of any kind.

Here, motivated by applications sud as ewaluating large expressionﬁ;reesand tree-shaped parallel
processes,we consider the special case of the RjpregCmax and Rjpreq ; w;Cj problems, where the
precedencedorm a forest, i.e., the undirected graph underlying the precedencess a forest. Thus, this
naturally generalizesthe job shop scheduling problem, where the precedenceconstraints form a collection

of disjoint directed chains.

Summary e,f results We presert the rst polynomial time approximation algorithms for the RjpreqC max
and Rjpred ; w; Cj problems, under \treelik e" precedencesAs mertioned earlier, theseare the rst non-
trivial generalizationsof the job shop scheduling problemsto precedenceconstraints which are not chains.
Sincemost of our results hold in the caseswhere the precedencedorm a forest (i.e., the undirectsd graph
underlying the DAG is a forest), we will denote the problems by Rjf orestCmax, and Rjf orestj ; w; Cj,
respectively, to simplify the description - this generalizesthe notation usedby [10] for the caseof chains.

1. The RjforestiCnax problem. We obtain a polylogarithmic approximation for this problem. We
employ the same lower bound used in [14, 21, 6, 5]: LB = maxfPmnax; max0, where Ppax is the
maximum processingtime along any directed path and a2« is the maximum processingtime needed
by any maciine. Let pmax = max;j p;; be the maximum processingtime of any job on any ma-

chine. We obtain an O(lo'g?jgn god ’Eg(lg’g";‘f ")) approximation to the Rjf orestCmax problem. When

the forests are out-trees or In-trees, we showv that this polylogarithmic factor can be improved to
O(logn dog(minf pmax; Ng)=loglogne); for the special caseof unit processingtimes, this actually be-




comesO(logn). We also show that the lower-bound LB cannot be put to much better use, even in the
caseof trees - for unit processingcosts, we show instanceswhoseoptimal scheduleis ( LB logn).

Our algorithm for solving Rjf orestjCnax follows the overall approad usedto solve the job shopsdedul-
ing problem F(s_ee,e.g. [21]) and involvestwo steps: (1) We showv how to compute a processorassignmen
within a (3"2 S){factor of LB, by extending the approac of [13], and, (2) We designa poly-logarithmic
approximation algorithm for the resulting variant of the RjpregCmax problem with pre-speci ed processor

assignmenm, and forest shaped precedences.

We call the variant of the RjpregCnax problem arising in step (2) above (i.e., when the processor
assignmen is pre-speci ed), the Generlized DAG-Shop Scheluling or the GDSS problem, for brevity.
Note that the job shop scheduling problem is a special caseof GDSS, and this problem is di erent from
the Dagshopscdeduling problem de ned by [21].° Our algorithm for treelike instancesof GDSS s similar
to one usedin [14, 21, 6], namely injecting random delays to the start times of the jobs; this allows for
contention resolution. Howewer, unlike [14, 21, 6], it is not adequateto insert random delays only at the
head of the trees - we actually insert random delays throughout the scedule. Our algorithm partitions
the forest into blocks of chains suitably, and the problem restricted to a block of chains is simply a job
shop problem; also, the decomposition guarantees that the solutions to these job shop problems can be
pastedtogether to get a complete sthedule - this immediately givesus a reduction from the Rjf orestjC nax
problem to the job shop problem, with the quality depending on the number of blocks. We can remove
a logarithmic factor when the DAG is an in-/out-tree, by a di erent analysis, which doesnot reduce this
problem to a collection of job shop problems. As in the original approad of [14], we bound the corntention
by a Cherno bound. Howevwer, the events we needto considerare not independen, and we needto exploit
the variant of this bound from [18], that works in the presenceof correlations.

2. The Rjf orest Pj w; Cj problem. We shawv a reduction from Rjpreg P i W;Cj to RjpregCmax of
the following form: if there is a schedule of makespan (Pmax + max) for the latter, then there is an
O( )-approximation algorithm for the former. We exploit this, along with the fact that our approximation

guarantee for Rjf orestjCnax is of the form \(Pmax + max) times polylog”, to get a polylogarithmic

approximation for the Rjf orestj ; w;Cj problem. Our reduction is basedon an LP rounding approad,

and reducesthe problem to a collection of Rjf orestjiCnax problems; we use the result of [13] in this

rounding. The LP we use has exponertially many constraints with a polytime separation oracle, and
works for any set of precedenceconstraints, not just trees. Howewer, the speci ¢ lower bound we use for

the Rjf orestiCnhax problem is crucial, since the overall approximation factor is small only in the cases
where is small.

3. Minirejzing weighted completion time and ow time on chains. For a variant of the
Rjf orestj ; w; Cj problem where (i) the forestis a collection of chains (i.e., the weighted completion time
variant of the job shopsdeduling problem), and (ii) for each machine i and operation v, piv 2 fpy;1g (i.e.,
the restricted-assignmentvariant), we show a better approximation of O(log n=loglogn) to the weighted
completion time. Our result ensuresthat (i) the precedenceconstraints are satis ed with prokability 1,
and (ii) for any (v;t), the probability of scdheduling v at time t equalsits fractional (LP) value xy. This
result also leadsto a bicriteria (1 + o(1)){appro ximation for weighted o w time variant of this problem,
using O(log n=loglogn) copiesof eath machine.

Organization.  We discussthe algorithms for the Rjf orestjiCnax and Rjf orestj P i W; Cj problems in
Sections2 and 3, respectively. We discussimproved bounds on the weighted completion time for the case
of chains in Section 4. Becauseof spacelimitations, seeral proofs and algorithm details are preseried in
the Appendix.

5In the Dagshop problem [21], the input is a collection of DAGs, but in ead DAG, at most one operation could be done
at a time.



2 The Rjf orestiCnax problem

Let x denote any processorassignmem, i.e., Xj; is the fraction of job j assignedto machine i. In the

description below, we will use the terms \node" and \job" interchangably; we will not use the term

\op eration” to refer to nodesof a DAG, becausewe do not have the job shopor dag shop constraints that

at most one node in a DAG can be processedat atimeP As l:Bafore,Pmax denotesthe maximum processing
time alongany directed path, i,e., Pmax :Pmaxpath pf i2p i Xij Pij 9- Also, max denotesthe maximum

load on any machine, i.e., max = max;f i Xij Pij 9. Our algorithm for the Rjprec;F orestjCnax problem
involves the following two steps: Step 1. We rst C(H1§truct a processorassignmei for which the value
of maxf Pmax; max9 is within a constart factor ((3+ = 5)=2) of the smallest-possible. This is described in

Section 2.1. Step 2: Solve the GDSS problem we get from the previous step to get a scdhedule of length

polylogarithmically more than maxf Pmax; maxg. This is described in Section 2.2.

2.1 Step 1. A processor assignment within a constant factor of maxfPyax; maxd

We now describe the algorithm for processorassignmem, using some of the ideas from [13]. Let T be
our \guess" for the optimal value of LB = maxfPmax; max9. Dene Sy = f(i;j) jpj Tg. Let J and
M denote the set of jobs and madines, respectively. Wenow de ne a family of IineF;;lr programs LP (T),
one for eadrbvalue of T 2 2", asfollows: (A1) 8 2J ;xj = 1, (A2) 8i 2 M i Xij Pi T, (A3)
8 2Jz = pjXi. (A4) 8(j° j)g  Go+ z, (A5) 8 2Jg T. The constraints (Al) ensurethat
ead job is assigneda machine, constraints (A2) ensurethat the maximum fractional load on any machine
( max) isat most T. Constraints (A3) de ne the fractional processingtime z; for ajob j and (A4) capture
the precedenceconstraints amongst jobs (c; denotesthe fractional completion of time of job j). We note
that max; ¢ is the fractional Pmnax. Constraints (A5) state that the fractional Pmax value is at most T.

Let T bethe smallestvalue of T for which LP (T) has a feasiblesolution. It is easyto seethat T is
a lower bound on LB . We now present a rounding scheme which rounds a feasible fractional solution to
LP (T ) to an integral solution. Let Xj; denotethe indicator variable which denotesif job j was assigned
to machine i in the integral solution, and let C; be the integer analog of ¢; and z;. We rst modify the

Xjj valuesusing lItering [16]. Let = % For any (i;j), if pj > 2 then set x;; to zero. This step
could result in a situation where, for a job j, the fractional assignmemn ; xj dropsto a valuer sud that
r2[1 %:;1). So, we scalethe (modied) valuesof Xjj by afactor of at most = —. Let A denotethis

fractional solution. Crucially, we note that any rounding of A, which ensuresthat only non-zerovariables
in A are setto non-zerovaluesin the integral solution, has an integral Pmax value which is at most T
This follows from the fact that if Xj; = 1in the rounded solution, then p;  z ;. Hence,it is easyto see
that by induction, for any job j, C; is at most ¢ T

We now show how to round A. Recall that [13] presens a rounding algorithm for unrelated parallel
machines sdeduling without precedenceconstraints with the following guaranee: if the input fractional
solution has a fractional nax value of x, then the output integral solution has an integral nax value of
at most X + maxx; >opjj . We useA asthe input instance for the rounding algorithm in [13]. Note that

A has a fractional max value of at most T . Further, maxy; > o pj T . This results in an integral
solution | whoF:)se Pmax Valueis at most T , and whose max Valueis at most ( + 1)T . Obsene that,
setting = 3"2 S resultsin = + 1. Finally, we note that the optimal value of T can be arrived at by

a bisection seard in the range [0; Nnpmax], Wwheren = jJj and pmax = Max;; pj . SinceT is a lower bound
on LB, we have the following result.

Theorem 1 The above algorithm computes a processor assiggmentfor each job such that the value of
maxf Pmax; maxQ for the resulting assignmentis within a (%){factor of the optimal.



2.2 Step 2: Solving the GDSS problem under treelik e precedences

We rst considerthe casewhen the precedencesare a collection of directed in-trees or out-trees in sec-
tion 2.2.1. We then extend this to the casewhere the precedencesorm an arbitrary forest (i.e., the
underlying undirected graph is a forest) in Section 2.2.2. Sincethe processorassignmen is already speci-
ed in the GDSSproblem, we will usethe notation m(v) to denotethe machine to which nodev is assigned.
Also, sincethe madine is already xed, the processingtime for node v is also xed, and is denoted by p,.

2.2.1 GDSS on Out-/In-Arb  orescences

An out-tree is a tree rooted at somenode, say r, with all edgesdirected away from r; an in-tree is a tree
obtained by reversingall the directions in an out-tree. In the discussionbelow, we only focus on out-trees;
the sameresults can be obtained for in-trees. The algorithm for out-trees requires a careful partitioning
the tree into blocks of chains, and giving random delays at the start of ead chain in ead of the blocks
- thus the delays are spreadall over the tree. The head of the chain waits for all its ancestorsto nish
running, after which it waits for an amount of time equal to its random delay. After this, the ertire chain
is allowed to run without interruption. Of course,this may result in an infeasible schedule where multiple
jobs simultaneously cortend for the samemacdine (at the sametime). We shaw that this contention is low
and can be resoled by expanding the infeasible sthedule produced above.

Chain Decomp osition We de ne the notions of chain decomposition of a graph and its chain width.
Givena DAG G(V;E), let dir (u) and doyt (u) denote the in-degreeand out-degree,respectively, of u in G.

such that the following properties hold: (i) The subgraph induced by ead block B; is a collection of
vertex-disjoint directed chains, (i) For any u;v 2 V, let u 2 B; be an ancestorof v 2 B;. Then, either
i <j,ori=j andu andv belongto the samedirected chain of Bj, (iii) If doyt(u) > 1, then noneof u's
out-neighbors are in the sameblock asu. The chain-width of a DAG is the minimum value sud that
there is a chain decomposition of the DAG into  blocks.

Well structured schedules. We now state somede nitions motivated by those in [6]. Given a GDSS
instancewith a DAG G(V; E) and given a chain decomposition of G into  blocks, we construct a B -delayeal

schalule for it asfollows; B is an integer that will be chosenlater. Each job v which is the head of a chain

in a block is assigneda delay d(v) in f0;1;:::;B 1g. Let v belongto the chain C;. Job v waits for d(v)

amount of time after all its predecessordiave nished running, after which the jobs of C; are scheduled
consecutiwely (of course,the resulting schedule might be infeasible). A random B -delayal schelule is a
B -delayed schedulein which all the delays have beenchosenindependertly and uniformly at random from

f0;1;:::;B 1g. For a B-delayed sthedule S, the contention C(Mj;t) is the number of jobs scheduled on
machine M; in the time interval [t;t + 1). As in [6, 21], we assumew.l.0.g. that all job lengths are powers
of two. This can be achieved by multiplying ead job length by at most a factor of two (which a ects

our approximation ratios only by a constart factor). A delayed scheduled S is well-structured if for eah

k, all jobs with length 2% beginin S at a time instant that is an integral multiple of 2K. Such schedules
can be constructed from randomly delayed schedules as follows. First create a new GDSS instance by
replacing ead job v = (m(v);py) by the job v = (m(v);2p,). Let S be a random B-delayed schedule
for this modi ed instance, for someB; we call S a paddal random B -delayal schelule. From S, we can
construct a well-structured delayed schedule, SC for the original GDSS instance as follows: insert v with

the correct boundary in the slot assignedto ¢ by S. S%will be called a well-structured random B -delayel
schalule for the original GDSS instance.

Our algorithm.  We now describe our algorithm; for the sake of clarity, we occasionally omit o or and
ceiling symbols (e.g.,\B = d2 max=log(Npmax)€" is written as\B = 2 nax=log(Npmax)”). As beforelet
Pmax = MaXy Py.



1. Construct a chain decomposition of the DAG G(V;E) and let beits chain width.

2. Let B = 2 max=log(npmax). Construct a padded random B-delayed schedule S by rst increasing
the processingtime of ead job v by a factor of 2 (as described above), and then choosing a delay
d(v) 2 f0;:::;B 1g independertily and uniformly at random for ead v.

3. Construct a well-structured random B -delayed schedule S° as described above.
4. Construct a valid schedule S®using the technique from [6] as follows:

(a) Let the makespanof S°belL.

(b) Partition the scheduleSCinto framesof length pmax; i.€., into the setof time-intervals f [ip max; (i+
Dpmax); 1= 0;1;:::;d=pmaxe 10.

(c) For eath frame, usethe frame-sdieduling technique from [6] to produce a feasible schedule for
that frame. Concatenatethe schedulesof all framesto obtain the nal sdcedule.

The following theorem shows the performance guarantee of the above algorithm, when given a chain
decomposition. The proof appearsin the Appendix.

Theorem 2 Let pmax = Max;; pj . Given an instance of treelike GDSS and a chain decomposition of its
DAG G(V;E) into  blacks, the schelule S®produced by the above algorithm has makesan O(  (Pmax +

max)) With high probability, where = maxf ; logng dog(minfpmax;ng)=loglogne. Furthermore, the
algorithm can be derandomizel.

The proof of Theorem 3 demonstratesa chain decomposition of width O(logn) for any out-tree: this
completesthe algorithm for an out-tree. An identical argumert would work for the caseof a directed in-
tree. We note that the notions of chain decomposition and chain-width for the out-directed arborescences
are similar to those of caterpillar decomposition and caterpillar dimension for trees [17]. Howewer, in
general,a caterpillar decomposition for an arborescencaneednot be a chain-decomposition and vice-versa.
The proof of Theorem 3 appearsin the Appendix.

Theorem 3 Thereis a deterministic polynomial-time approximation algorithm for solvingthe GDSS prob-
lem when the underlying DAG is restricted to be an infout tree. The algorithm computesa schealule with
makes@n O((Pmax + max) ), Where = logn dog(minfpmax;ng)=loglogne. In particular, we getan
O(log n){approximation in the case of unit-length jobs.

2.2.2 GDSS on arbitrary forest-shap ed DAGs

We now considerthe casewhere the undirected graph underlying the DAG is a forest. The chain decom-
position algorithm described in Theorem 3 doesnot work for arbitrary forests, and it is not clear how to
make the Lemma 9 work with chain decompositions of arbitrary forests. Instead of following the approad
of Section2.2.1, we obsene that oncewe have a chain decomposition, the problem restricted to a block of
chainsis preciselythe job shopsdteduling problem. This allows usto reducethe Rjf orestjCmax problem to
a set of job shop problems, for which we usethe algorithm of [6]. While this is simpler than the algorithm
in Section 2.2.1for in-/out-trees, we incur another logarithmic factor in the approximation guaranee.

The following lemmas show that a good decomposition can be computed for forests which can be
exploited to yield a good approximation ratio.



Lemma 4 Every DAG T whoseunderlying undirected graphis a forest, has a chain decomposition into
blacks, where 2(dgne+ 1).

Theorem 5 Given a GDSS instance and a chain decomposition of its DAG G(V;E) into  blacks, there
is a deterministic polynomial-time algorithm which delivers a schalule of makesgn O((Pmax + max) ).

— logn ~log min( pmax ;n) : : _ log? n 4log min( pmax ;n) : :
wher = e = Toglogn & Thus, Lemma4implies that = O(ggisgnd— Togiogn— © IS achievable.

3 The Rjf oresijpj w; C; problem.

We now considerthe objective of minimizing weig,hed completion time, where the given weight for eat
job j is w; 0. Given an instance of Rjpred ; w;Cj where the jobs have not been assignedtheir
processorswe now reduceit to instancesof RjpregCmax With processorassignmem. More precisely we
shaw the following: let Pmax and qax denote the \dilation" and \congestion” as usual; if there exists a
scheduleof makespan (Pmax+ max) for the latter, then thereis a O( )-approximation algorithm for the
former. Let the machines and jobs be indexedby i andj; p;; is the (integral) time for progassingjobj on
machine i, if we chooseto processj oni. We now presert an LP-formulation for Rjpred  ; w; Cj which
has the following variables: for * = 0;1;:::, variable x;;~ is the indicator variable which denotesif \job
j is processedon madhine i, and completesin the time interval (2= ;2" for jqp j, Cj isits completion
timep and z; is the time spert gn progessingit. The objective is to minimize = ; w; C; gubject to: (1)

X =L@ 8,z =Py X, (3) 80 K G Gz, (@) 8, i 2, i < G \

i 2 X, (8) 8(i ) jp ¢ Xije 2, (6) 8 8maximal chainsP; e Py ¢ Xie 2,
(7) 8(:5;7); (pij > 2)) Xij> =0,(8) 8(i;j; ) xijp O

Note that (5) and (6) are \congestion" and \dilation" constraints respectively. Our reduction proceeds

asfollows. Solwe the LP, and let the optimal fractional solution be denoted by variablesxi;j;\ ,Cj,and z .
We do the following Itering, followed by an assignmen of jobs to (machine, time-frame) pairs.

Filtering:  For ead job j, note from the rst inequality in (4) that the total \mass" (sum of x;;- values)
for the values 2 4C; , is at most 1=2. We rst set Xjj> = O if 2 4C;, and scale ead Xij- to
Xijr =(1 0 oac, i X o), if * is such that 2 < 4C; - this ensuresthat equation (1) still holds. After
the Itering, ead non-zerovariable increasesby at most a factor if 2. Additionally, for any xed j, the
following property is satis ed: considerthe largest value of * sud that x;j: is non-zero;let this value be
*C then, 2° = O(C;). The right-hand-sidesof (5) and (6) becomeat most 2 *1 in the processand the Ci
valuesincreaseby at most a factor of two.

Assigning jobs to machines and frames For ead j, set F(j) to be the frame (2 1;2], where"
is the index such that 4C; 2 F(j). Let G['] denote the sub-problem which is restricted to the jobs in
this frame. Let Pmax(") and max(") be the fractional congestionand dilation, respectively, for the sub-
problem restricted to G[']. From constraints (5) and (6), and due to our ltering step, which at most
doubles any non-zero variable, it follows that both Pmax (") and max(*) are O(2 ). We now perform a
processorassignmen as follows: for eat G['], we usethe processorassignmen schemein Section 2.1 to
assignprocessorgo jobs. This ensuresthat the integral Pnhax (7)) and max(") valuesare at most a constart
times their fractional values.

Scheduling: First schedule all jobs in G[1]; then schedule all jobs in G[2], and so on. We can use any
approximation algorithm for makespan-minimization, for ead of these scheduling steps. It is easyto see
that we get a feasiblesolution: for any two jobs j1;j2, if j1 j2, then C;,  C;, and frame F(j1) occurs
beforeF (j») and hencegets scheduled rst.



Theorem 6 If there exists an approximation algorithm which yields a schelule whose makes@n is
O((Pmax * max) ), thenthere is also an O( ){approximation algorithm for minimizing weightel com-

pletion time. Thus, Theorem 5 implies that = O(lo'g?;g”n god '}ggﬁgg?f ") g) is achievable.

4 Weighted completion time and o w time on Chains

We now consider the caseof Rjpred Pj w; Cj, where the processor-assignmenis not prespecied. We
considerthe restricted-assignmentvariant of this problem [13, 20], where for every job v, there is a value
py sud that for all machinesi, p;y 2 fpy;1g . Let S(v) denotethe set of madhinessud that p;y = py. We
focus on the casewhere the precedenceDAG is a disjoint union of chains with all p, being polynomially-
boundedpositive integersin the input-size N. We now presen our approximation algorithms for weighted

completion time and o w time.

Weighted Completion Time Recallthat N = max,fn; m; p,g denotethe \input size". In this section,
we obtain an O(log N=loglogN )-approximation algori;hm for the minimum weighted completion time
problem. We rst describe an LP relaxation. Let T = |, py. In the following LP , for easeof exposition,
we assumethat all the p, valuesare equalto one. Our algorithm easily generalizesto the casewhere the
py valuesare arbitrary positive integers,and the LP is polynomial-sizedif all p, valuesare polynomial in
N. Let denotethe immediate predecessorelation, i.e., if u v, then they both belongto the same
chain and u is an immediate predecessorof v in this chain. Note that if v is the rst job in its chain,
then it has no predecessor. In the time-indexed LP formulation below, the variable xy.+, denotesthe
fractional amourt oflj,ob v tr];;\t is processedon macdiine i at time t. The objective isF;'nin v W(V)C(v),
subject to: (B1) 8v; i25p)  t2[LnT] Xvit = 1,(B2) 8i2 [1;:::m];8|g2 [1;:::T] pXviit 1, (B3)

.....

8v;8t2[1: ::T]#, Zyt = jppm) Xvit, (B4) Bu o viBt 2 [1;: T toppaing) Zuito 1021t 1] ZuitOs

(B5) 8V;C(V) = ppatit 2, (B6) 8V;8i2S(v); 82 [L:;Th Xue O

The constraints (B1) ensurethat all jobs are processedcompletely, and (B2) ensurethat at most one
job is (fractionally) assignedto any madiine at any time. The variable z,.; denotesthe fractional amourt
of job v that has beenprocessedon all machines at time t. Constraints (B3) and (B4) are the precedence
constraints and (B6) de ne the completion time C(v) for job v.

Our algorithm proceedsas follows. We rst solve the above LP optimally. Let OPT be the optimal
value of the LP and let x and z denotethe optimal solution valuesin the rest of the discussion.We de ne
a rounding procedurefor ead chain suc that the following hold:

1. Let Z,t bethe indicator random variable which denotesif v is executedat time t in the rounded
solution. Let X+ bethe indicator random variable which denotesif v is executedat time t on macdhine i
in the rounded solution. Then E[Z\] = zyx and E[Xy:it] = Xyt -

2. All precedenceconstraints are satis ed in the rounded solution.

3. Jobsin dierent chains are rounded independertly.

After the Z, valueshave beendetermined, we do the madiine assignmen as follows: if Zy = 1, then
job v is assignedto machine i with probability (Xv:it =z,t). In general,this assignmen strategy might result
in jobs from di er ent chains executing on the same machine at the sametime, and hencean infeasible
schedule. Let C; denote the cost of this infeasible solution. Property 1 above ensuresthat E[C1] = OPT.
Let Y be the random variable which denotesthe maximum contention of any machine at any time. We
obtain a feasiblesolution by \expanding" ead time slot by a factor of Y.

We now show our rounding procedurefor the jobs of a speci ¢ chain sud that properties 1 and 2 hold;
di erent chains are handled independerly as follows: for eat chain , we choosea value rF( )0 2 [0;1]
uniformly and independertly at random. For ead job v belongingto chain , Zytw = 11 {zll Zyt <



P . . . .
r() {il zy+. Bertsimas et al. [1] show other applications for such rounding techniques. A momert's
re ection shows that property 1 holds due to the randomized rounding and property 2 holds due to
Equation (B4). A straight forward application of the Cherno -t ype bound from Fact 8 yields the following
lemma:

Lemma 7 Let E denotethe eventthat Y ( logN=loglogN), whee > 0 is a suitably large constant.
Event E occurs after the randomizal machine assignmentwith high prokability: this prokability can be made
atleast1 1=N for any desired constant > 0, by letting the constant be suitably large.

Finally, we note that we expand an infeasible schedule only if the event E occurs. Otherwise, we
can repeat the randomized machine assignmen until event E occurs and expand the resultant infeasible
schedule. Let the nal costof our solution be C. We now have an O(log N=loglog N )-approximation from:

logN . logN E[C4] logN
loglogN ) CiE] o(IoglogN ) PrE] O(IoglogN

E[CjE] E[Y CijE E[O( ) OPT:

Minimizing Weighted Flow Time with Resource Augmen tation Considerthe following extension
to the problem of weighted completion time discussedabove: in addition to the chain-shaped precedence
constraints and the macdine assignmem constraints, ead job v also hasa \release-time" r, and a deadline
ly. The releasetime speci es the time at which the job v was createdand henceit can be scheduledonly at
times which are ry,. The deadlinel, speci es the last time slot by which this job can be scheduled. Our
goalisto nd a sdedulewhich minimizesthe weighted ow time , w(v)(C(v) ry) subject to the above
constraints; again, we focus on the case\p, 1", but the results here hold for the casewhere all p, are
polynomially bounded positiveinte%ers. In general,minimizing weighted o w time is hard to approximate.
Leonardi & Raz [12] provide a O(" nlogn)-approximation algorithm for this problem and show that it
cannot be approximated within a factor of O(n% ) for any constart > 0, unlessP = NP. One way
of dealing with this is through resourceaugmertation, where we allow our solution to use copiesof a
madhine. In this case,we say that the solution is an -speedsolution. Let OPT bethe cost of the optimal
schedule. We say that a solution is ( ; )-approximate, if its speedis and the cost of the solution is
at most OPT. Note that we comparethe cost of our -speedsolution with that of a 1-speedoptimal
solution. We now present an algorithm, which either provesthat input instanceis has no feasiblesolution,

or outputs a ( ; )-approximate solution where = O(Iolgo%lg\lN) and = 1+ o(1) with high probability.

Our algorithm proceedsas follows. We rst formulate this problem asan LP . This LP is similar to
that consideredfor the weighted completion time earlier, except that the LP considersonly those X
variablessuchthat r, t [I,. Wesolwethis LP optimally. Note that any integer solution is alsoa feasible
solution for this LP formulation. Hence,if the LP is infeasible, then this instance is not feasible either.
Assumethat the LP hasan optimal fractional solution whosevalue is OPT. We now round this fractional
scheduleto obtain an integral schedule and a machine assignmen for the jobs asin the caseof the weighted
completion time problem earlier. As before, this will result in an infeasible schedule of cost C1, where the
maximum contention for any machine at any time slot is denote by the random variable Y. We note that
by replacing ead macdhine with a setof Y machines, we obtain a Y -speedsolution whosecost remainsthe
sameas C;. Recall Lemma 7 and its notation, and also note that for any job v, its expected completion
time equalsits fractional completion time C (v). Now, by Lemma 7, we can take large enoughso that
even conditional on the ewvent E, the expected completion time of v is at most C (v) + o(1) (since C (v)
is bounded by a xed polynomial of N, and since is sucien tly large). Sincethe fractional ow time
C (v) ryofvisatleastl, this addition of o(1) is negligible. Thus, even conditional on E (which happens
with high probability), the expected cost of our solution is at most (1 + o(1))OPT.

Ac knowledgmen ts. We are thankful to David Shmoys for valuable commerts.
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App endix

A Pro ofs

A.1 Pro ofs from Section 2.2

Pro of (of Theorem 2:) We only analyze the randomized algorithm. The delays can then be easily
seento be computable deterministically by the method of conditional probabilities.

First, obsene that S hasa makespanof at most L = 2(Pmax + max =100(NPmax)): this is becausethe
maximum processingtime along any directed path is at most 2P, and sincethere are points along
any path which have beendelayed, the additional delay is at most 2 max=10g (NPmax). Clearly, S° has
no larger makespan. Let C(Mj;t) be the contention of machine M; at time t under S. The contention on
any machine at any time under S°is no more than under S. We will needthe following variation on the
Cherno bound.

Fact 8 ([18]) Let Xl;Xz;:\:/:;X| 2 f0;1g be random varigbles such that rgor all i, and for any S
fXi X5 19, PrIXi = 1 j,sXj = 1] pi. LetX = ;Xjand = p. Thenfor any > 0,
Prix @+ ) G(; ).

The following key lemma boundsthe contentions:

Lemma 9 There existsa constant c; > 0 suchthat 8i 2 f1;:::;mg ;8t 2 f1;:::;Lg; C(Mj;t) with
high prokability, whee = c¢;log(Npmax)-

Pro of For any job v, de ne the random variable X (v;i; t) to beF’L if v is scheduled on M; during the
time interval [t; t + 1) by S, and O otherwise. Note that C(Mi;t) = = \.y)=m, X (V;i; ). Let d(v) be the
random delay given to the chain to which v belongs. Conditioning on all other delays, d(v) can take at
most py valuesin the rangef0;1;:::;B 1g that will lead to v being scheduled on M; during [t;t + 1).
Hence, E[X (v;i; t)] = Pr[X(v;i;t) = 1] %—V. Hence E[C(Mi;t)] —g*  log(npmax). Although the
random variables X (v;i; t) are not independert, we will now presen an upper-tail bound for C(Mj;t).

are ordered before nodesin Bj.1, for ead i. Let (1);:::; (n) be the resulting ordering of nodes. For
any,pode v, and for any subsetW V such that 8v02 W: (V9 < (v), wewill arguethat Pr[X (v;i;t) =
1j  yoow X(V%i;t) = 1] py=B in sud a case.First, obsene that if there is anodev®2 W sud that vCis
an ancestoror descendan of v, then X (v;i; t) = 0, sincethe scdhedule S° presenesprecedencesTherefore,
assumethat for each v02 W, it is neither an ancestornor a descendan of v. Let A bethe chain corntaining
v in the chain decomgosition. Then, the random delay given at the start n\pde of A doesnot aect any
of the nodesin W, and conditioned on all other delays, PriX (v;i;t) = 1] oo X (V%i;t) = 1] p,=B
continuesto hold. Thus, Fact 8 can now be applied, to get Pri[C(M;;t) log(npmax)]  1=(Npmax )¢, for a
suitable constart c. Sincethe number of everts \C(Mj;t) log(NPmax)" is O((npmax)co), for a constart
c® the lemma now follows via a union bound. W

The above lemma implies that schedule S hasa low contention for eath machine at ead time instant,
with high probability. Our nal task is to verify that the last step, using the technique from [6] givesthe
desired bounds. From the obsenation earlier, S° has a makespanat most L. By the de nition of pmax
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and the fact that S%is well-structured, no job crossesover a frame. Given suc a well-structured frame of
length pmax Wherethe maximum cortention on any machine is at most , the frame sdeduling algorithm
of [6] gives a feasiblesthedule with the following bounds.

Fact 10 Let pmax = max;j pj . Given a well-structured frame of length pmax Where the maximum con-
tention on any machine is at most , there exists a deterministic algorithm which delivers a schelule for
this frame with makesgn O(pmax dogpmax=loglog €). Hence, concatenating the framesyields a schelule
of length O( APmax + max)), Where 0= maxf ; |og(npmax)gdbg'gggg’%e.

Note that if pmax IS polynomially boundedin n, then Theorem 2 holds immediately. We now propose
a simple reduction for the casewhere pmax  n to the casewhere pmax is polynomial in n. Assumethat
in the given instancel, pmax  NC. Create a new instance | °which retains only those verticesin | whose
processingtimes are greater than pmax=n®. Vertices in the new instance | ° inherit the same precedence
constraints amongstthemseleswhich they weresubject to in | . However, all theseverticeshave processing
times in the range [Pmax=n°; Pmax]. Equivalertly, all processingtimes can be scaleddown such that they
are in the range [1;n?]. Hence, Fact 10 implies that we can obtain a schedule S° for instance | © whose
length is (Pmax +* max), Where = maxf ; logng (logn=loglogn). We note that the total processing
time of all the verticesin | nl°is at most nP—rTgL = Pmax=n. Hence,these vertices can be inserted into S°
valid schedule S for | such the makespanincreasesby at most Pnax=n, and hence sctedule S is also of
length (Pmax + max).- W

Pro of ( of Theorem 3) We shaw that any out-directed arborescencel (V; E) has chain-width at most

= dgne+ 1 by constructing sudc a chain decomposition. The construction proceedsin iterations, eat
of which createsa block of the decomposition. De ne T1(V1;E1) = T(V;E). Let Ti(V;;E;) bethe subtree
at the beginningthe i iteration. Let S; V; bethe set of vertices u such that: (i) the subtree rooted at
u in T; is a directed chain, and (ii) the parent (if any) of u in T; has out-degreeat least two. During the
i jteration, we createa block B 41 ; which cortains eah u 2 S; along with its subtree. It is easyto see
that the graph induced by V41 is an out-tree Tj+1, and this procedure can be run recursively; therefore,
we do obtain a valid chain decomposition.

Claim 11 Let 4; ; denotethe number of chainsinduced by B :; i, in the ith iteration. Then for all i,
+1 i 2 i

Pro of Consider a leaf vertex u in Tj+; (and hencebelongingto B ). Vertex u has out-degreezero
in Ti+1 and out-degreeof at least two in T; (otherwise, u would have belongedto B ;; ; leading to a
contradiction). Hence,there are at leasttwo chainsinducedby B .1 ; for which u is an ancestor. Further,
ead chain in B ;1 ; has at most one ancestorin B | which is a leaf. Since any directed chain has a
unique leaf vertex, the claim follows.

The above claim implies that 2 1 Since n, the theorem follows. A

Pro of (of Theorem 5:) Considerthe chain decomposition of the DAG with  blocks P4;:::;P . Each
of these blocks P; is an instance of job-shop scheduling, since it only consists of chains. These can be
solved using the algorithm of [6] which, given a job-shop instance, producesa schedule with makespanat
most O(Wdog Pmax=loglogne). Also, by the properties of the chain decomposition, there are
no precedenceconstraints from P; to Pj, for j > i. Therefore, we can concatenatethe schedulesfor eah
block, and this yields a schedule for the GDSS instance with the desired makespan (since, as argued in

Section2.2.1, we may assumewithout lossof generality that pmax is polynomially boundedin n).
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Pro of (of Lemma 4:) We shav how to construct such a decomposition. Fix a root for T. Someof the
edgesin T will be pointing away from the root (down) and others will be pointing towards the root (up).
Imagine that T is an outward-arborescenceand perform a chain decomposition asin the proof of Theorem
3 which will result in a decomposition B with blocks B1;:::;B and intermediate trees Tq;:::; T . We

chain in Bj. In general, someedgesof this chain will point down and others will point up. Each vertex u
in this chain will belongto one of the following types:

Type 1. u is the head of the chain and connectedto T; through an edge pointing up. In this case,
u2pb;.

Type 2: u is the head of the chain and connectedto T; through an edge pointing down. Then,
U2 Pz .

Type 3: uisthe tail of the chain with in-degreel. Then, u2 P, 41 ;.

Type 4: uisthe tail of the chain with out-degreel. Then, u 2 P;.

Type 5. u hasout-degree2. Then, u 2 P;.

Type 6: u hasin-degree2. Then,u2 P, 41 j.

Type 7: u hasin-degreel and out-degreel with both the edgespointing up. Then, u 2 P;.

Type 8. u hasin-degreel and out-degreel with both the edgespointing down. Then, u 2 P, +1 .

We assumew.l.0.g. that noneof the blocksin P are empty (otherwise, we can delete suc blocks). Since
B is a chain decomgosition, it ensuresthat verticesin di erent chains of the sameblock are not ancestors
or descendats of ea other. It is easyto seethat after repartitioning B;, none of the verticesin P; are
descendats of any vertex in P, 41 . We now prove that P is a leveled chain decomposition by showing

the construction, note that nodesin Ti+; only endup in the blocks Pj+1;:::;P ;P 4+1;:::;P2 i. No edge
exists from any vertex v in Tj+; to a vertex in u in Pj. Indeed, if such an edgeexists, then u must be
the head of its chain in B; and must be connectedto T; through an edgepointing down. In this case,u
would have beenin P, 4+, i, leading to a contradiction. Similarly, no edge exists from any u vertex in
P, 41 i to avertexin Tj+1. Again, if such an edgeexists, then u must be the head of its chain in B; and
must be connectedto T; through an edgepointing up. In this case,u would have beenin P; leadingto a
cortradiction. Thesetwo together imply that all edgesacrossthe partitions of P are from P; to Py such
that j < k. &

A.2 The Limits of our Lower Bound

Any attempt to improve our approximation guaraneesmust addressthe issueof how good the Pax+  max
lower bounds are. We show that in general DAGs, the LB = maxf Pnax; maxg lower bound is very weak:
there are instanceswhere the optimal makespanis ( Pmax max)- This leavesthe question for forests-we
show that ewven in this case,there are instanceswhere the optimal makespanis ( LB logh=10g max).

We construct a rooted in-tree T for which the optimal makespanis ( LB logn=log max), for any
value of ax that is (log n=loglogn). All nodes(jobs) are of unit length. At level 0, we have the root
which is assignedto a processorthat is not used for any other nodes. Once the level- nodesare xed,
level-(i + 1) nodesare xed in the following manner. For ead nodev at level i, there are C = ax hodes
in level i + 1 that are immediate predecessor®f v. All these C nodes are assignedto the samemadine
that is never usedagain. Sincethere are n nodesin T, it is clear that there are logn=logC levels, and
about n=C madines are used.

Lemma 12 The optimal makespn for the aloveinstance is ((  max * Pmax) 10gn=10g max)-
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Proof WehaveC = ax. LetV; denotethe setof nodesin leveli. Notethat D = Pax = logn=logC+ 1
is the number of levelsin T. We will shav by badkward induction on i that the earliest time that nodes
in Vi canstart is (D i)C. From this the lemma follows, since C (log n=loglogn). The basecase
i = D is obvious. Now assumethis claim is true for levelsj i. Considerv 2 V; 1. Let P(v) denote
the immediate predecessor®f v in level i. By construction, jP(v)j = C, and by the induction hypothesis,
the earliest time any node in P(v) canstart is (D i)C. All the nodesin P(v) are assignedto the same
processor. Therefore, the earliest time all nodesin P(v) aredoneis (D i)C+ C= (D i+ 1)C. Note
that v can start only after all of P(v) is completed. This completesthe proof for forest-shaped instances.
|

An ( pﬁ) gap in general: In the above instance, the optimal makespanis also ( Pmnax max), but the
ratio of this t0 Ppax + max IS only O(logn=1log max), becausePmnax = logn=10g max. We now shov an
instance of the general GDSS problem where the optimal makespanis ( Pmax max) and this quartity is

( " n) times larger than max + Pmax. This instancehasm = " n layers, eat layer containing m nodes.
Let theselayers be denotedby Vi;:::;Vy. Foreadhi = 1;:::;m 1, all edgesin V; Vis; are presen. It
is easyto seethat Pnax = max = m in this instance, but the optimal makespanis N = Pmax max. It can

also be shawvn that a natural integer program basedon time-indexed variables hasan ( m) gap between
the integral and fractional optima for this instance.
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